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1. Introduction
1.1. Motivation

The implementation of an emerging transportation system
with connected and automated vehicles (CAVs) enables a novel
computational framework to provide real-time control actions
that optimize energy consumption and associated benefits. From
a control point of view, CAVs can alleviate congestion at different
traffic scenarios, reduce emission, improve fuel efficiency and in-
crease passenger safety; see Malikopoulos, Cassandras, and Zhang
(2018) and Margiotta and Snyder (2011). Urban intersections,
merging roadways, highway on-ramps, roundabouts and speed
reduction zones along with the driver responses to various dis-
turbances are the primary sources of bottlenecks that contribute
to traffic congestion; see Malikopoulos and Aguilar (2013).

1.2. Literature review

Several research efforts have used optimal control theory to
investigate how CAVs can potentially improve energy efficiency
and travel time in these traffic scenarios. Early efforts reported
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in Athans (1969) and Levine and Athans (1966) considered a
single string of vehicles that was coordinated through a traffic
conflict zone with a linear optimal regulator. Shladover et al.
(1991) discussed the lateral and longitudinal control of CAVs for
the automated platoon formation. Varaiya (1993) outlined the key
features of an automated intelligent vehicle/highway system, and
proposed a basic control system architecture. Dresner and Stone
(2004) proposed the use of the reservation scheme to control a
signal-free intersection of two roads. Since then, several research
efforts have considered reservation approaches for coordination
of CAVs at urban intersections; see Au and Stone (2010), de
La Fortelle (2010), Dresner and Stone (2008) and Huang, Sadek,
and Zhao (2012). Alonso et al. (2011) proposed a control frame-
work where a CAV can derive its safe crossing schedule to avoid
collision with a human-driven vehicle. Several approaches for
coordinating CAVs that have been reported in the literature have
proposed the use of centralized control, where there is at least
one task in the system that is globally decided for all vehicles
by a single central controller; see Bakibillah, Kamal, Tan, et al.
(2019), de La Fortelle (2010), Dresner and Stone (2008), Huang
et al. (2012), Lu and Hedrick (2003) and Xu et al. (2018). Some
approaches have focused on coordinating CAVs at intersections
to improve traffic flow; see Kim and Kumar (2014) and Yan,
Dridi, and El Moudni (2009), or travel time; see Raravi, Shingde,
Ramamritham, and Bharadia (2007), while other approaches have
focused on energy consumption improvement; see Mahler and
Vahidi (2014), Sciarretta, De Nunzio, and Ojeda (2015) and Wan,
Vahidi, and Luckow (2016).

Some optimal control approaches reported in the literature
have used standard Hamiltonian analysis for CAV control and
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coordination, e.g.,, Wang, Zhao, and Yin (2019) and Zhao, Mah-
bub, and Malikopoulos (2019); while other approaches have em-
ployed model predictive control; see Kim and Kumar (2014)
and Makarem and Gillet (2012). Dynamic programming (DP) has
also been used to compute the optimal control input for CAVs,
e.g., Ozatay, Ozguner, and Filev (2017), Mahler and Vahidi (2014),
and Pei, Feng, Zhang, and Yao (2019). DP, however, may not be
feasible for real-time implementation due to its high required
computational effort. In optimal control approaches, the problem
formulation may have different objective functions including ve-
hicle travel time, e.g., Raravi et al. (2007), energy consumption,
e.g., Sciarretta et al. (2015), passenger comfort, e.g., Ntousakis,
Nikolos, and Papageorgiou (2016), etc. Raravi et al. (2007) for-
mulated an optimization problem the solution of which aims
at finding the minimum time once the merging sequence is
determined. Kamal, Imura, Ohata, Hayakawa, and Aihara (2013)
proposed numerical algorithms based on Pontryagin’s minimum
principle for CAV coordination in a signal-free intersection. A vir-
tual platoon-based cooperative control approach was discussed
in Huang, Zhuang, Yin, Xu, and Luo (2019) for on-ramp coordina-
tion. A hierarchical control framework using an upper-level CAV
coordination and a low-level multiobjective optimization scheme
was proposed in Qian, Gregoire, De La Fortelle, and Moutarde
(2015). A similar hierarchical control framework has been re-
ported by Bakibillah et al. (2019), where a two-level combi-
natorial optimization problem is formulated for a cloud-based
roundabout coordination system.

In optimal control approaches, one key challenge is to handle
the associated state, control and safety constraints. Min, Yang,
Fang, Sun, and Zhao (2019) considered a platoon-based approach
to coordinate CAVs through a merging roadway, and solved the
constrained optimization problem with distributed model predic-
tive control. Sciarretta et al. (2015) developed an eco-driving con-
troller for CAVs for adaptive cruise control maneuver, where the
optimal control problem minimizes the energy consumption with
speed constraint. Wan et al. (2016) proposed a speed advisory
system to minimize fuel consumption without considering the
state and control constraints. Han, Sciarretta, Ojeda, De Nunzio,
and Thibault (2018) proposed a safety based eco-driving control
for the CAVs. Wang et al. (2019) formulated the multi-objective
optimization problem for the CAVs approaching intersection, and
derived the analytic solution based on the Pontryagin’s minimum
principle. Ozatay et al. (2017) provided a speed profile opti-
mization framework for minimizing fuel consumption without
considering any safety or acceleration/deceleration constraints.

Recently, a decentralized optimal control framework was pre-
sented for coordinating CAVs in real time at different traffic sce-
narios such as on-ramp merging roadways, roundabouts, speed
reduction zones and signal-free intersections; see Mahbub, Ma-
likopoulos, and Zhao (2020a, 2020b) and Malikopoulos et al.
(2018), Malikopoulos, Hong, Park, Lee, and Ryu (2019). This frame-
work uses a hierarchical structure consisting of an upper-level
vehicle coordination problem to minimize travel time, and a
low-level optimal control problem to minimize the energy of
individual CAVs. A complete, analytical solution of the low-level
control problem that includes the rear-end safety constraint,
where the safe distance is a function of speed, was discussed
in Malikopoulos, Beaver, and Chremos (2021) and Malikopoulos
and Zhao (2019a). A problem formulation for the upper-level
optimization in which there is no duality gap, implying that the
optimal time trajectory for each CAV does not activate any of the
state, control, and safety constraints of the low-level optimization
was presented in Malikopoulos et al. (2021) and Malikopoulos
and Zhao (2019b).

Detailed discussions of the research efforts reported in the
literature to date on coordination of CAVs can be found in re-
cent survey papers; see Guanetti, Kim, and Borrelli (2018) and
Rios-Torres and Malikopoulos (2017).
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1.3. Objectives and contributions of the paper

The standard methodology to solve the low-level optimal
control problem; see Malikopoulos et al. (2018); is to employ
Hamiltonian analysis with interior point state and/or control
constraints. Namely, we first start with the unconstrained arc
and derive the solution of the low-level optimal control problem.
If the solution violates any of the state or control constraints,
then the unconstrained arc is pieced together with the arc cor-
responding to the violated constraint. The two arcs yield a set
of algebraic equations which are solved simultaneously using the
boundary conditions and interior constraints between the arcs. If
the resulting solution, which includes the determination of the
optimal switching time from one arc to the next one, violates
another constraint, then the last two arcs are pieced together
with the arc corresponding to the new violated constraint, and
we re-solve the problem with the three arcs pieced together.
The three arcs will yield a new set of algebraic equations that
need to be solved simultaneously using the boundary conditions
and interior constraints between the arcs. The resulting solution
includes the optimal switching time from one arc to the next
one. The process is repeated until the solution does not violate
any other constraints. This recursive process of piecing the arcs
together to derive the optimal solution of the low-level problem
can be computationally expensive and might prevent real-time
implementation.

In this paper, we provide an in-depth analysis of different state
and control constraint activation cases, and establish a rigorous
framework that yields a closed-form analytical solution for the
low-level optimal control problem formulation without requir-
ing the recursive process described above. Thus, the proposed
framework is appropriate for real-time implementation on-board
the CAVs; see Mahbub, Karri, Parikh, Jade, and Malikopoulos
(2020). The objectives of this paper are (i) to derive a priori the
different state and control constraint activation cases through
a rigorous mathematical analysis, (ii) to simplify the recursive
process required to derive the optimal constrained solution of the
Hamiltonian analysis for the low-level optimal control problem,
and (iii) to increase the computational efficiency of the derivation
of the solution in (i) by eliminating numerical computations.

Thus, the contributions of this paper are: (1) an in-depth
exposition of the properties of the different combinations of
the state and control constraint activation cases and a set of a
priori conditions to identify the constrained solution without any
recursive steps, and (2) an explicit expression of the junction
point between the constrained and unconstrained arcs leading
to a closed-form analytical solution of the constrained optimal
control problem. In earlier work, we reported a limited-scope
analysis along with some preliminary results about the condi-
tions for state and control constraint activation; see Mahbub and
Malikopoulos (2020).

1.4. Comparison with related work

The framework that we report in this paper advances the state
of the art in the following ways. First, the solution to the state and
control unconstrained control problem presented in Malikopou-
los et al. (2019) and Ntousakis et al. (2016) shows acceleration
spikes (jerk) at the boundaries of the optimization horizon, pos-
sibly exceeding the vehicle’s physical limitation and giving rise
to undesired driving experience. In addition, the unconstrained
solution can only guarantee that none of the constraints are
violated at the boundaries of the optimization horizon only. In our
proposed framework, we can guarantee that none of the state and
control constraints are violated throughout the entire optimiza-
tion horizon. Second, in contrast to some approaches reported in



AM.I. Mahbub and A.A. Malikopoulos

the literature, e.g., Han et al. (2018), Ozatay et al. (2017) and Wan
et al. (2016), where either the state or the control constrained op-
timal control problem was addressed, our framework addresses
all state and control constraints cases. Moreover, we explicitly
include the state and control constraints in the Hamiltonian anal-
ysis as opposed to using a feasibility zone; see Wang et al. (2019).
Third, several approaches have considered free terminal time
to address the state/control constraints within the optimization
horizon; see Wang et al. (2019) and Zhang and Cassandras (2019).
In contrast, in our framework, we incorporate the constraints
in the low-level control problem with the fixed time horizon.
Fourth, the solution of the constrained optimal control problem
requires piecing the unconstrained and constrained arcs together
resulting in recursive numerical computations until all of the
constraint activation cases are resolved; see Malikopoulos et al.
(2018), Malikopoulos and Zhao (2019a) and Zhang and Cassan-
dras (2019). In our proposed framework, we eliminate this recur-
sive procedure to derive a real-time implementable closed-form
analytical solution. Finally, the solution of the constrained opti-
mization problem using Hamiltonian analysis reported in some
approaches, e.g., Malikopoulos et al. (2018), Malikopoulos and
Zhao (2019a) and Zhang and Cassandras (2019), only addresses
different constraint activation cases without addressing the ex-
plicit interdependence between multiple constraint activation.
In this paper, we explore the interdependence of the combina-
tion of the constraint activation cases and explicitly provide the
conditions for their realization.

1.5. Organization of the paper

The remainder of the paper is organized as follows. In Sec-
tion 2, we introduce the problem formulation and present the
unconstrained case. In Section 3, we discuss different aspects
of the state and control constrained formulation in detail. In
Section 4, we provide the closed-form analytical solution of the
constrained optimal control problem. In Section 5, we evalu-
ate the effectiveness of the proposed approach in a simulation
environment. Finally, we draw concluding remarks and discuss
potential directions for future research in Section 6.

2. Problem formulation

We consider CAVs traveling through a traffic network con-
taining a four-way signal-free intersection, as shown in Fig. 1.
Although our analysis can be applied to any traffic scenario,
e.g., merging at roadways, roundabouts, and passing through
speed reduction zones, we use an intersection (Fig. 1) as a refer-
ence to present the fundamental ideas and results of this paper,
since an intersection provides unique features making it techni-
cally more challenging compared to other traffic scenarios. We
define the area illustrated by the red square of dimension S in
Fig. 1 as the merging zone where potential lateral collision of CAVs
may occur. Upstream of the merging zone, we define a control
zone of length L inside of which CAVs can communicate with
each other using a vehicle-to-vehicle communication protocol;
see Mahbub et al. (2020). The intersection also has a coordinator
that communicates with the CAVs traveling inside the control
zone. Note that, the coordinator does not make any decisions for
the CAVs. When a CAV enters the control zone, the coordinator
receives its information and assigns a unique identity i € N to
it. Let N(t) = {1,...,N(t)}, where N(t) € N is the number of
CAVs inside the control zone at time t € R*, be the queue of
CAVs to enter the merging zone shown in Fig. 1. The time that
a CAV i € N(t) enters the control and merging zones is denoted
by tio and t", respectively, while the time that a CAV i exits the
merging zone is denoted by t‘,f . In our exposition, we assume

Automatica 131 (2021) 109751

Merging
Zone

Control
Zone

Fig. 1. A traffic network of connected automated vehicles approaching a
four-way signal-free intersection.

that the queue A/(t) and the optimal time to enter the merging
zone t]" is given a priori and can be derived by solving an upper-
level vehicle coordination problem subject to rear-end and lateral
safety constraints, as detailed in Mahbub et al. (2020b), Mahbub,
Zhao, Assanis, and Malikopoulos (2019) and Malikopoulos et al.
(2018). Given t[" a priori, the objective of each CAV i € N/(t)
is to derive its optimal control input (acceleration/deceleration)
to cross the intersection without any lateral or rear-end collision
with the other CAVs, and without violating any of the state and
control constraints.

2.1. Modeling framework

We model each CAV i € A/(t) as a double integrator
Bi(t) = vi(t), i(t) = ui(t), t € [0, ¢]], (1)

it

where p;(t) € P, vi(t) € V;, and u;(t) € U; denote the position,
speed and acceleration (control input) of each CAV i € N/(t). The
sets P;, V;, and U;, i € N(t), are complete and totally bounded
subsets of R. Let xi(t) = [pi(t) vi(t)]" denote the state vector
of each CAV i, with initial value x! = [p? v?]T taking values in
X; = P; x V;. The state space &; for each CAV i is closed with
respect to the induced topology on P; x V; and thus, it is compact.

To ensure that the control input and speed of each CAVi € N/
are within a given admissible range, we impose the following
constraints

Ui min < Ui(t) < Ujmex, and

t et ¢, ()

0 < vmin < vi(t) < Umax, i
where u; min, Ui max are the minimum and maximum acceleration
for each CAV i € N(t), and vpmin, Umax are the minimum and
maximum speed limits respectively. Without loss of generality,
we assume homogeneity in terms of CAV types, which enables
the use of the same maximum acceleration u,, and minimum
acceleration uy,;, for any CAV i € N/(t). To ensure the avoidance of
rear-end collision of two consecutive CAVs traveling on the same
lane, we impose the rear-end safety constraint

si(t) = &i(t),  ieN(t), teltd ], 3)

where s;(t) = pi(t) — pi(t) is defined as the distance between
CAV i, k € N(t), where CAV k is physically located immediately
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ahead of CAV i, and §;(t) is the minimum safe distance which is a
function of speed v;(t). For each CAV i € N(t), we define the set
Li={t |t e[t t{]}. Lateral collision between any two CAVs
i,j € N(t) can be avoided if

Nnhi=o, i,jeN®) telt q]. (4)

In the modeling framework described above, we impose the
following assumptions:

Assumption 1. Each CAV i € A/(t) communicates with each
other and with the coordinator without any delays or errors.

Assumption 2. For each CAV i € AN/(t), no lane change maneuver
is allowed within the control zone.

Assumption 3. None of the state constraints are active at time
tio when each CAV i € N(t) enters the control zone.

The first assumption may be strong but it is relatively straight-
forward to relax it as long as the noise in the measurements
and/or delays is bounded. For example, we can determine upper
bounds on the state uncertainties as a result of sensing or com-
munication errors and delays, and incorporate these into more
conservative safety constraints. The second assumption allows us
to focus only on the control of longitudinal vehicle dynamics of
CAVs within the control zone. Each CAV i € N/(t), however, can
change lanes before the entry and/or after the exit of the control
zone. Our analysis can include multiple lanes by appropriately
revising the vehicle dynamics model (1). Finally, the third as-
sumption ensures that, for each CAV i € N(t), the initial state
at the entry of the control zone is feasible.

2.2. Low-level optimal control problem

ForeachCAVie N(t), t € [tl.o, t"], traveling inside the control
zone, we formulate the following optimal control problem
"
min | —u¥(¢e) dt (5)
ui(t)eli J 0 2 ! ’
subject to : (1),(2), pi(t)) =0, pi(t]") =L,
and given t?, vi(t?), ¢,

where we consider the L>-norm of the control input, i.e., uiz(t), as
the cost function. By minimizing transient engine operation, we
have direct benefits in fuel consumption in conventional vehicles
(vehicles with internal combustion engines); see Malikopoulos
et al. (2018). Note that we do not explicitly include the lateral (4)
and rear-end (3) safety constraints in (5). The lateral collision con-
straint is enforced by selecting the appropriate merging time t"
for each CAV i in the upper-level throughput maximization prob-
lem. The activation of rear-end safety constraint can be avoided
under certain conditions; see Malikopoulos et al. (2019).

In our formulation, the state constraints are S;(t, X;(t)) =
[Vi(t) — Umax Umin — vi(t)]" < 0. Note that, S;(t, x;(t)) is not an
explicit function of the control input u;(t). Thus, to formulate the
tangency constraints, we need to take successive time derivatives
of Si(t, x;(t)) until we obtain an expression that is explicitly de-
pendent on u;(t); see Bryson and Ho (1975). If g time derivatives
are required, we refer to each constraint in qu)(t, x;(t)) as the gth-
order state variable inequality constraint. In our case, we have

1st-order speed constraint, e.g., Sgl)(t,x,-(t), u;(t)) = _Z’Eg l
1
To derive an analytical solution of the optimal control prob-

lem in (5) for each CAV i € N(t), we formulate the adjoined

Hamiltonian function H;(t, x;(t), ui(t)), t € [t2, t"], as follows,

Hi(t, xi(t), ui(t)) = %u?(t) + A7(6) - vit) + AL () - ui(t)
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+ i (8) - Gt, Xi(8), wi(£) + mj (£) - Si(t, Xi(¢))
1
= Su (O +2(0) - w() + 4(0) - ui(6) (6)
+ H?(t) . (Ll,'(t) - umax) + M?(t) . (umin - ui(t))
+ 170 - (Vi) = vmax) + 0{(6) - (Vmin — vi(1)),
where, Ci(t, x;(t), ui(t)) = [Wi(t) — Umax Umin — ui(t)]T is the
vector of control constraints in (2), Af(t), A{(t) are the co-state
components corresponding to the state vector Xx;(t), and pu;(t)

is the path co-vector for control constraints consisting of the
Lagrange multipliers with the following conditions,

a _ >0, ui(t) — Umax = 0,

wilt) = { =0, u(t)— tUpex <0, )
by ) >0, Upin —ui(t) =0,

ui(t) = { =0, tyin — ui(t) < 0, ®)

and »,(t) is the path co-vector for state constraints consisting of
the Lagrange multipliers,

c _ >0, Ui(t) — Umax = 0,

Mi (t) - { =0, Ui(t) — Umax < 0, (9)
d _ >0, Vpin— Ui(t) =0,

ni(0) = { =0, Vo — vi(8) < 0. (10)

The corresponding Euler-Lagrange equations at time t € [ti0 ,
t"] are
1

JoH;

A(t) = =0, 11
i (£) T (11)
_)V?(t)v Vi(t) — Vmax < 0
. JoH; and Umin — Vi(t) < 0
Mit)=—— = ’ 12
! () av; _)\?(t) - ﬂf(f), Vi(t) — Umax =0, (12)
= (6) +ni(t), vmin — vi(t) =0,
and
oH;
3o = WO F A0+ 1) = w0 =0. (13)
1
If the inequality state and control constraints (2) are not active,

we have pf(t) = ub(t) = nf(t) = ni(t) = 0. Applying the

necessary conditions, the optimal control uj(t) can be derived
from uf(t) + A{(t) = 0, i € N(t). From (11) and (12) we have
AP(t) = a;, and 17(t) = —(a;-t +b;), where g; and b; are constants
of integration corresponding to each CAV i € N(t). Therefore, the
unconstrained optimal control input uj(t) is

ui(t)=a;-t+b;, t el " (14)

i i

Substituting the last equation into (1) we find the optimal speed
and position for each CAV i € A/(t), namely

1

vi(t)= @i +bi-t+a, (15)
1 1

pi(t) = éai-t3+5bi-t2+ci~t+di, t e[t t", (16)

where ¢; and d; are constants of integration corresponding to
each CAV i € N(t). The constants of integration a;, b;, ¢;, and d;
can be determined from (14)-(16) using the initial and boundary
conditions imposed in (5). Note that, we can either compute a;,
b;, ¢;, and d; only once at time t = tl.o and apply the solution
throughout optimization horizon [tl.o, t"], or update the constants
of integration by recomputing (14)-(16) at some discrete time
step in [ti0 , /'] to account for any disturbance within the control
zone. For the remainder of the paper, we reserve the notations
a;, b;, ¢;, and d; only for the unconstrained optimal solution given
in (14)-(16).
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Remark 1. For the case where the constants of integration a; = 0
and b; = 0, we have the trivial solution of the unconstrained
problem (14)-(16) as uj(t) = 0, v/ (t) =¢;, pi(t)=c¢i-t+d; t €
[tl-O, t"]. This implies that if the speed is constant and the speed
constraint is not active at time t = t,.o (Assumption 3), none of
the state and control constraints becomes active for t € [t?, t].
If a;, b; # 0, we have u(t?) # 0.

In what follows, we only consider the non-trivial case (Re-
mark 1) of the constrained optimization problem (5) where
ai, bi # 0.

3. Analysis of the constrained optimal control problem

To derive the constrained analytical solution of (5), we follow
the standard methodology used in optimal control problems with
interior point state and/or control constraints; see Bryson and
Ho (1975) and Bryson, Denham, and Dreyfus (1963). Namely, we
first start with the unconstrained arc and derive the solution
using (14)-(16). If the solution violates any of the state or control
constraints, then the unconstrained arc is pieced together with
the arc corresponding to the activated constraint, and we re-solve
the problem with the two arcs pieced together at the junction
point between the constrained and unconstrained arcs of the
constrained solution (5). The two arcs yield a set of algebraic
equations which are solved simultaneously using the boundary
conditions of (5) and the interior conditions between the arcs. If
the resulting solution, which includes the determination of the
junction point from one arc to the next one, violates another
constraint, then the last two arcs are pieced together with the
arc corresponding to the new activated constraint, and we re-
solve the problem with the three arcs pieced together. The three
arcs will yield a new set of algebraic equations that need to
be solved simultaneously using the boundary conditions of (5)
and interior conditions between the arcs. The resulting solution
includes the junction point from one arc to the next one. The
process is repeated until the solution does not violate any other
constraints.

This process can be computationally intensive for the fol-
lowing reasons. First, the recursive solution process to resolve
all possible combinations of constraint activation might lead to
intensive computation that prohibits real-time implementation.
Second, each of the aforementioned recursion needs to be solved
numerically due to the presence of implicit functions. To address
both issues, we introduce a condition-based framework for the
optimal control problem in (5) which leads to a closed-form
analytical solution without this recursive procedure.

3.1. Condition of constraint exclusion

For the optimal control problem in (5), we have two state
and two control constraints leading to 15 possible constraint
combinations in total that can become active within the op-
timization horizon [tio, tM"]. In this section, we show that it is
only possible for a subset of the constraints to become active in
[tiO, t"]. Therefore, it is not necessary to consider all the cases
in (5). In what follows, we delve deeper into the nature of the
unconstrained optimal solution given in (14)-(16) to derive useful
information about the possible existence of constraint activation
within the control zone.

Lemma 1. For each CAV i € N(t), let a; and b; be the constants
of integration of the unconstrained solution of (5) corresponding to
the optimal control input u(t), t € [t,.o, t"]. If the speed v;(t) is not
specified at t", then

a-t"+b =0, t">t’>0. (17)
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Proof. For all i € N(t), since the speed v;(t) at t = " > t,.O
is not fixed, we have AJ(t") = 0 (Naidu, 2002), which implies
uf(t™) = 0, and the result follows.

Corollary 1. The constants of integration a; and b; of the uncon-
strained solution of (5) have opposite signs.

Proof. Since t" is positive and non-zero, the result follows from
(17).

Corollary 2.  The unconstrained optimal control input uj(t) is
linearly either increasing or decreasing with respect to time, and
uf(tM) =0.

1 1

Proof. From (14), uj(t) is a linear function with u;‘(tio) # 0 for
the non-trivial case (Remark 1), and uj(f") = 0 (Lemma 1), so
the result follows.

Remark 2. The constants of integration a; and b; of the uncon-
strained solution of (5) represents the slope of uf(t), t € [tio, ",
and the initial value of the control input uj(t) at time t = tl.o,
respectively.

Lemma 2. Let vi(ti‘)) be the initial speed of CAV i € N(t) when
it enters the control zone at pi(t{’) and travels up to the entry of
the merging zone at pi(t["). Then the nature of the unconstrained
optimal control input uf(t) can be characterized using the following
conditions based on the boundary conditions of vi(tio), pi(ti") and
pi(t"): (i) The unconstrained optimal control input uj(t) is linearly
W%p"(t?)). (ii) The unconstrained optimal

; k(P e T7 . . 0 (pi(tM)—pi(t)))
control input uj(t) is linearly increasing if vi(t;) > —m—~.

i

decreasing if vi(t) <

Proof. From (15) and (16), we can write vi(t?) = 1a;- (t0)* + b; -
t? + ¢ and pi(t?) = La; - (t0)> + 1b; - (t?)? + ¢; - t? + d;. Without

loss of generality, if we let tl.o =0, we have
¢ = vi(t?), di = pi(t). (18)

Evaluating (16) att = t", we have p;(t/") = éai~(t}’1)3+%bi~(t{")2+
Ci - t* 4 d;. Substituting (17) and (18) in the above equation and
solving for a;, we have

o = i) - 6" — (i) — pie))))

o (" '
Since /" > 0, we have a non-positive constant of integration a;, if
(vi(t2)-t" —(pi(t™)—pi(t?))) < 0. From Corollary 2 and Remark 2, a
non-positive g; indicates a negative slope for u;(t), which implies
that uf(t) is a linearly decreasing acceleration, and the proof is
complete. The second part of Lemma 2 can be proved following
similar steps, hence it is omitted.

(19)

Remark 3. When the CAV i € N/(t) travels with its initial
speed v;(t{) throughout the control zone, we have v;(t?) - t" =
(pi(t™) — pi(tio)). From (19), this implies that a; = 0, referring
to an optimal control input uj(t) with horizontal slope. Since
u¥(t") = 0 (Lemma 1), we have u}(t) =0, for all t € [t?, t/].
Lemma 3. For the unconstrained optimal solution of (5), if either
Vi(t) — Umax < 0 or u;(t) — Umexy < 0 becomes active at any time
t € [tl.o, t"], neither vy — vi(t) < 0 nor uy; — ui(t) < 0 can
become active in [tio, t"]. The reverse also holds.

Proof. Let uf(t) = a;-t+b; > 0 > up, at some time t € [£2, ™).

177

Since uf(t") = 0 (Lemma 1) and uj(t) is a linearly decreasing
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function (Corollary 2), we have uj(t) > Uy, for all t € [t?, M,
i.e., the constraint um,; — u;(t) < 0 cannot become active at any
time in t € [tio , t"]. The corresponding quadratic optimal speed
profile vi(t) in (15) is a parabolic function of degree 2 with y-
symmetric axis located at /" in the speed-time graph. Applying
the necessary and sufficient condition of optimality in (15), we
have

Vi(t)=ai-t+b =0, ¥ (t)=a, t e[t t"]. (20)

1 1271

Solving the first equation of (20), we have the extremum point
att = —% which corresponds to the vertex of the parabola of
(15) at t = t". Whether this point corresponds to the maximum
or minimum of the (15) can be determined from the second
part of (20). Since uj(t) is decreasing, a; < 0 (Remark 2). Thus,
the second equation of (20) indicates a maximum value at the
vertex t/", indicating a concave quadratic profile of v}(t). Since
the extremum of the quadratic profile of v;(t) is located at ¢
and Umin < Vi(t?) < Vmay (Assumption 3), we have v}(t) > VUmin
forall t e [tio, t!"]. Therefore, the constraints vy, — vi(t) < 0
cannot become active at any time t € [tio, t™], and the proof of
the first part of Lemma 3 is complete.

Conversely, let uj(t) = a; -t + b < 0 < Upe at some
t € [tio, t"]. Since ug(tim) = 0 (Lemma 1) and uj(t) is linearly
increasing in t € [t7, t"] (Remark 2), Uy — ui(f) < 0 cannot
become active at any t € [t,-o, t"]. In addition, uj(t) yields a
convex quadratic profile of v;(t) with vertex at t = t/". Since
the extremum point is located at " and vy, < vf(tio) < Umax
(Assumption 3), we have v} (t) < vpmg for any t € [tio, t"], which
implies that the state constraint v;(t) — vmey < 0 cannot become
active at any time t € [t0, t"].

Corollary 3. The sign of a; corresponding to the unconstrained
solution of (5) dictates the activation of either constraint set {v;(t) —
Vmax < 0, Uj(t) — Umax < 0} oF {vpin — vi(t) < 0, Upip — u;(t) < O}

Proof. Since g; is the slope of the optimal control input uj(t)
(Remark 2), the sign of a; determines whether u(t) is positive and
decreasing or negative and increasing, which, in turn, determines
the constraint activation criteria in Lemma 3.

Remark 4. The sign of g; can provide direct insight on which of
the state and control constraints becomes active, and thus it can
reduce the cardinality of the set of possible constrain activation
cases.

Based on Lemmas 2 and 3, we now present the following result
which provides the condition under which the state and control
constraints become active. Note that the result is based on the
initial and final conditions of (5) which enable the determina-
tion of the possible constraint activation set without solving the
unconstrained optimization problem in (5).

Theorem 1. Let CAV i € N(t) enter the control zone with initial

speed v,-(tio) and travel with the unconstrained optimal control input

ui(t), t € [t?, t"). Then, (i) vmin — vi(t) < 0 and umin — u;(t) < 0
L(tMY—p:(t0

do not become active in t € [t0, t"], if vi(t)) < M. and

(ii) vi(t) — vmax < 0 and u;(t) — Umex < 0 do not become active in

X (tMY—pi(t0
Eeltf ), if u(t?) > P20,
1

Proof. If vi(tio) < w' then from (19) a; < 0, hence
u;(t) is linearly decreasingl (Lemma 2). Therefore, from Lemma 3,
Umin — Vi(t) < 0 and Uy, — ui(t) < 0 cannot become active in
te [tl.o, t"], which concludes the proof of the first part.
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For the second part of Theorem 1, suppose that v,~(ti°) >

(e™)—p; (0
M. Hence g; > 0 (Lemma 2), and uj(t) is linearly

increésing. Therefore, from Lemma 3, vi(t) — vme(t) < 0 and
ui(t) — Umex < O cannot become active in t € [t?, "], and the
proof is complete.

Remark 5. Theorem 1 aims at reducing the possible set of
constraint activation cases. For example, if the condition in part (i)
of Theorem 1 holds, then from the 15 possible cases of constraint
activation, we only need to consider 3 cases: (a) vi(t) — Vmax < O,
(b) ui(t)—Umax < 0, and (c) both vi(t)—vmex < 0 and ui(t)—Umgx <
0. Similarly, if the condition in part (ii) of Theorem 1 holds, then
from the 15 possible cases of constraint activation, we only need
to consider 3 cases: (a) vmin — vi(t) < 0, (b) Umin — u;(t) < 0, and
(c) both vy — vi(t) < 0 and U, — u(t) < 0.

Although Theorem 1 aims at reducing the possible constraint
activation cases, it does not lead to the identification of the exact
constraint activation of the unconstrained solution of (5). In what
follows, we provide the conditions that can be used to extend the
results of Theorem 1 and identify the activation of any constraint
case in [t?, t"].

3.2. Conditions of constraint activation

We start our exposition with some results that contain essen-
tial properties of the state and control constraint activation.

Lemma 4. [f neither ui(t) — Umgx < 0 nor Uiy — u;(t) < 0 is active
att = tio, then it is guaranteed that neither of them will become
active for all t € [t?, t].

Proof. Suppose that the unconstrained optimal solution of (5)
yields uf(t) = a;t+b; with a; < 0. From Corollary 2 and Remark 2,
u?(t) decreases with respect to t, and at ", uj(t") = 0. Therefore,
if uf(t?) < Umax, then uf(t) < umey for all ¢ € [t0, t]. The second
part of Lemma 4 can be proved following similar steps, hence it
is omitted.

Lemma 5. If either vj(t) — vmax < 0 OF vyin — vi(t) < 0 becomes
active at any time t € [t0, t™), then it will remain active until
t=t"

Proof. Suppose that the unconstrained optimal solution of (5)
yields u}(t) = a;t+b; with a; < 0. From Corollary 2 and Remark 2,
uf(t) decreases with respect to t, and at /", uf(t") = 0, which
implies that v}(t) is monotonically increasing, i.e., v/ (t") > vi(t)
int e [tio, t"). Therefore, vi(t) — vmax < 0 will remain active until
t = t/. The second part of Lemma 5 can be proved following
similar steps, hence it is omitted.

Remark 6. Lemma 4 implies that the entry of the control-
constrained arc can be only at t = tio, while Lemma 5 implies
that there is no exit point in [t?, t"] of the state-constrained arc
after it becomes active.

The following results provide the conditions for which state
and control constraint activation cases can be identified for the
optimal control problem (5) a priori.

Theorem 2. Let uj(t) = ajt+b;, t € [t2, t"], be the optimal control

1

input of CAVi € N(t) for the unconstrained solution of (5). Tglen, (i)
MY (€

fora; < 0, vi(t)—vmax < 0 becomes active if t]" < w, and

vi(t;)+2vmax

3(pi(t™)—pi(t?))

(ii) for a; > 0, vymin — vi(t) < 0 becomes active if t" > — L=,
vi(t;)+2vmin
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Proof. For g; < 0, suppose that there exists a time f; € (ti0 M at
which vj(t) — vmex < 0 becomes active. Then, from (15) and (18),
we have %a,» . (tf)2 +bi-tf + v,-(tio) = Umax. Solving the quadratic

—2bjzk, [ 4b? —8a;-(v;(t0)—vimax) which

2a;

equation for 7, we have t; =

4b? —8a;-(vi(t?)—vmax)

2
4a;

yields § = " £ . Since tf < t, a feasible

solution of ¢} exists if we have \/4b,.2 —8a; - (vi(t)) — Vmax) > O

10y
resulting in q; < w Combining with (19), the proof of

the first statement of Theorem 2 follows.

For a; > 0, suppose that there exists a time f; € (tio, ti"] at
which the state constraint vy, — v;(t) < 0 becomes active. Then,
from (15) and (18), we have 5 a;-(t5)2+b;-t54+v;(t?) = vpin. Solving

—2bjk, [ 4b? —8a;-(v;(t0)—vmin)

the above equation for t;, we have ;] = T ,
1

. . | 4b2 —8a;-(vi(t0)—vypi .
which yields tf = " £ W. Since t; < t[", we need
i

to have \/4171'2 — 8a; - (v,-(tio) — Umin) = 0, and combining with (19),
the proof of the second statement of Theorem 2 follows.

Theorem 3. Let uf(t) = a -t + b, t € [t2, t"], be the
optimal control input of CAV i € WN(t) for the unconstrained
solution of (5). Then, (i) for a; < 0, u(t) — Umax < 0 be-

. —30(t0 )4/ 9wi(t0)2+ 1 2umax-(pi(tM)—pi(0))
comes active if t" < (S mac PP nd

2u,
(ii) for a; > O, uUmin — u(t) < 0 becomes active ifegt >
~30i(t0 /901 (L0 )2+ 1 2t (DA )—pi(e0))
2Umin '

Proof. For a; < 0, without loss of generality, we let tl.O = 0.
Given v;(t?), pi(t?) and pi(t™), we will show that t™ determines
whether u;(t) — umexy < 0 becomes active or not. Let fim be
the value for which u;(t) — umex < O becomes active at tP,
and a;, B,» the corresponding constants of gn}egration. Then from
3(vi(t?) 4" —L)
G
L = pi(t™) — pi(t?) = pi(i™) — pi(t?), which can be reduced
t0 Upax - (EM)% + 3vi(t?) - & — 3L = 0. The solution of the last

=30i(t2)%,/9(vi(t))2 +12umax L

2Umax

(17) and (19), we can write B,» = = Uma, Where

equation yields " = . Since " > 0,

o =301t )4/ 9 ()2 + 12t L
1

= ST . Hence, for any /" such that t* <
fl.m, ui(t) — umex < 0 becomes active, and the proof of the first
statement of Theorem 3 is complete.

For a; > 0, without loss of generality, we let ti0 = 0.
Let f{" be a value that uy; — u;j(t) < 0 becomes active at tio,
and @;, b; the corresponding constants of integration. Then from
3(vi(e0)-EM L)

(;H?

L = pi(t™ — pi(t®) = pi(E™) — pi(t?), which can be reduced to
Umin - (EM)? +3v;(t) - £ — 3L = 0. The solution of the last equation

—3vi(t)£,/ Avi(e0)P+12umin L

2Upmin

(17) and (19), we can write B,- = — = Umin, Where

, from which we have the

=30i(t0)+/9(vi(t)2 + 12ty L

only admissible result {" = T . Hence, for
min

any t such that t* > fl-m, Umin — U;(t) < 0 becomes active, and
the proof of the second statement of Theorem 3 is complete.

yields i =

3.3. Interdependence of constraint activation cases

We have discussed so far the conditions under which any
of the state and control constraints become active. Using these
conditions, we can derive the analytical solution of (5). However,
the resulting solution might activate additional constrained arcs.
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Therefore, we need to be able to identify beforehand under which
conditions any additional constrained arcs may become active.
Next, we provide a set of conditions based on the junction point
where transition between the constrained and unconstrained arcs
occur.

Theorem 4. For CAV i € N(t), let 7} e (t?,t"] be the
junction point of the state constrained arc where either vi(t) —
Unax < 0 or vmin — vi(t) < 0 becomes active. Then, (i) vi(t) —
Umax < 0 may cause u;i(t) — Uumex < O to become active, if T} <

=30i(t2)+/9(vi(t2)2 +12umax-(p} (7 )—pi(tD)) - ..
o T BPRTand (i) vmin — vi(t) < 0 may

cause Umin — u;(t) < 0 to become active, if
> 301t/ 9(0i (0 )2+ 2t (5} (25)—i(10))
s = 2umin .

Proof. Suppose that vi(t) — vme < 0 becomes active at 7', where
t? < 7 < t" Then from (1), u¥(t) = Oint € [t} t"] and
pi(ry) = pi(t") — vmax - (£ — ). We will determine whether
any control constraint u;(t) — umex < 0 becomes active in t €
[t,.O, 7 ]. From Lemma 4, the control constraint becomes active
at t = tio. Let f{” be the value that u;(t) — umex < O becomes
active at tio, and a;, B,- the corresponding constants of integration.
Without loss of generality, if we let tl-o = 0, then from (17)
30 —0F () —pile)))

and (19) we can write, B,» = 2 = Una»

where pi(7;) — pi(t?) = pi(t™) — pi(t?), which can be reduced to
Umax - (E™ + 3vi(t?) - £ — 3(pi () — pi(t?)) = 0. The solution of

. . A —30i(e0),/ (i ()2 + 1 2umax-(pF (7 —pi(t))
the last equation yields " = v \/ ! ST maxthi® .

—30i(t0 /9w (0 )2+ 1 2utman- (] (8 ) i1

. A A )
Since t" > 0, " = o . Hence, for
max

any 1, such that 7 < fi’“, u;(t) — Umex < 0 becomes active, and
the proof of the first statement of Theorem 4 is complete.
Suppose that vy, —vi(t) < 0 becomes active at z;°, where tio <
t; < t". Then from (1), uj(t) = 0 in t € [z}, '] and pi(z) =
Pi(t™) — Vmin - (t™ — 7). Let {™ be the value that upi, — u;(t) < 0
becomes active at t,-O, and a;, 131- the corresponding constants of
integration. Without loss of generality, if we let tio =0, then from
30 —(pF (z)-pit)))
(Eim)z = Umin,

(17) and (19) we can write, Bi = —
where pi(t") — pi(t?) = pi(i™) — pi(t?), which can be reduced to
Unin - (EM)? 4 3vi(t?) - £ — 3(p¥ () — pi(t?)) = 0. The solution of
—3vi(r,-°)iJe(v,-(r,-">)2+12umm-(pf(rj)—p.-(r,-")))

the last equation yields {™ = T ,

=30i(t))+/ 9wil 0P+ 12umin (0} (2 )=pi(e)) .
%0 — " is the only ad-
min

missible result. Hence, for any . such that 7} > fi’“, Umin —
u;(t) < 0 becomes active, and the proof of the second statement

of Theorem 4 is complete.

where " =

Theorem 5. For CAVi € N(t) let T} € (tio, t"] be the junction
point of the control constrained arc where either ui(t) — Umexy < 0
or Umin — ui(t) < 0 becomes active. Then, (i) u;(t) — Upax < 0 may
cause vi(t) — vmax < O to become active, if t" > 7} — %{;vm‘“)
and (ii) upin — Ui(f)2§ 9 may cause vy, — vi(t) < 0 to become
D . vi(T¢)—vmi

active, if " > 1} — 20vi(ec )~ vmin) ;nzm min)

Proof. Suppose that ui(t) — umex < 0 becomes active at tiO
(Remark 6) with an exit time at 7} € (t?, t™]. Then from (1),
Ui (t) = Umex iInt € [t,.“, t7]. Consequently, we have v(t}) =
vi(tio) + Unmax - 7. We will determine whether any state constraint
vi(t) — vmax < 0 becomes active for the unconstrained arc within
t € [z}, t"]. Suppose that there exists a time t7 € (t7, t{"] at
which vi(t) — vmex < 0 becomes active in [t/, t']. Without loss
of generality, if we let 7 = 0, then the constants of integration
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a;, b; are given by @; = —“%“—n;"" and b; = Uy (Remark 2), where
i

i o= ti"1 — 1. From (15) and (18), we have 1d; - (f) + b; -

t + vi(t¥) = Uma Solving the quadratic equation for t;, we
—2bj,/ 4b7 —84;-(vi(t )~ vmax) ) . 4

have ¢ = it omed) - which yields tf = " +

2a;

4b2 84 (v(t¢ ) —vmax)

A
\/4b2 — 80; - (vi(TF) — Umax) > 0 resulting in G; < w By
using the value of g; in the above equation and s1mp11fy1ng, the
proof of the first statement of Theorem 2 follows.

For the second statement of Theorem 5, suppose that there
exists a time 7 € (¢, t*] at which vy, — vi(t) < 0 becomes
active in [/, tm] Wlthout loss of generallty, if we let t¥ = 0,

then the constants of integration a;, b, are given by a; = ”f”;’;”
and b; = Upin (Remark 2), where f[” = " — t}. From (15) and
(18), we have 1d; - (£)* + bi - £ + v(t¥) = vmin. Solving the

. . —2b;=t, /4b2 —83;-(vi(tZ )~ vpmin)
quadratic equation for t;, we have tf = ——— -~ "=

2a; ’

. Since we require § < fl.m, we need to have

4b? —88;-(vi(t )~ Vmin)
4a2

which yields ¢ = " £ . Since tf < ",

we need to have
al < Z(Ux(z;ﬂz )zvmin)
and smphfymg, the proof of the second statement of Theorem 2
follows.

\/4b — 80; - (vi(t}) — vmin) > 0O resulting in

By using the value of @; in the above equation

Remark 7. The conditions in Theorems 4 and 5 depend on the
junction points 7" and t/ of the corresponding constraint acti-
vation cases, which can be derived analytically from the known
boundary conditions of (5). Since the derivation of such analytical
solution requires additional information, we provide the analysis
in the following section.

4. Analytical solution of the constrained optimal control prob-
lem

To derive the analytical solution of (5), we present a condition-
based framework consisting of the following steps. We first eval-
uate the condition stated in Theorem 1 to reduce the set of
possible constraint activation cases (Remark 5). Then using above
result, we evaluate the conditions presented in Theorems 2 and
3 to determine whether any constraint has become active. If
none of the constraints in (2) becomes active, we simply derive
the unconstrained solution using (14)-(16) and terminate the
process. However, if the conditions in Theorems 2 and 3 indicate
the activation of any constraint cases, we need to evaluate further
the conditions in Theorems 4 and 5 to determine whether any
additional constraints may become active within the constrained
solution as a result of the constraint cases identified from Theo-
rems 2 and 3. Once the nature of the final constraint activation
case is identified using Theorems 4 and 5, we then piece together
the relevant unconstrained and constrained arcs that yield a set
of algebraic equations which are solved simultaneously using the
boundary conditions of (5) and interior conditions between the
arcs.

Since we piece together multiple constrained and uncon-
strained arcs, we denote the constants of integration correspond-
ing to each arc by a(p) bﬁp), ci(”), dl”), p = 1,2,..., Na, where
Nge € N is the total number of arcs pieced together in the
constrained solution and p represents the position of the arcs in
terms of their appearance in the optimal solution starting from
tio to t". For Ny, arcs, we have (Ng — 1) junction points. At any
junction point t, the states are continuous, namely,

pi(t7) =pi(r™), vi(z7) = vz ™), (21)
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where, T~ and t* represent the time instance right before and
right after t, respectively.

In what follows, we present the closed form analytical solution
of different cases of state and control constraint activation to
derive the optimal input uj(t), t € [tio, t"], for each CAV i € N(t).

Case 1. Only the state constraint v;(t) — vmex < 0 becomes active.

In this case, we have pf(t) = pub(t) = nf(t) = 0. From (11),
(12), and (13), we have u;(t) +A;(t) =0, Ap( t) =0, and )l;’(t) =
—Af(t) — ni(t). By Lemma 5, CAV i € N(t) exits the constrained
arc at t = t® which leads to a single junction point. Let z,
t? < 7, < t", be the junction point and let 7,;” and ;" be the
time instance just before and after time ;. The optimal speed and
control input on the constrained arc are

Ui*(t) = Umax, u;‘k(t) =0, t € [t tlm] (22)

The jump conditions of the costates and the Hamiltonian at , are

() = )+ i ap?( O] (23a)
v — v 8

Aj (7:5 )=2x (Tj) + m; - m [Ui(t) - Umax] tztsv (23b)

HE) = D) = [0 — vma] | (230)

where 7; is a constant Lagrange multiplier determined so that
vi(t) — vmax = 0 is satisfied. Note that, (23a)-(23c) imply possible
discontinuity of the costates and the Hamiltonian at t = t;. The
state variables are continuous at t = 75. From (23c), we have

1

ST+ A () - o) + A () i)
1

f(5) - (0(T) = Vmax) = S 03(5) + A2 - w5
+4{ () - wile) 4 nf () - (uil7s") = vmax)- (24)
From the continuity of the states and since v,(r+) = Vmax

ui(z;r) = 0, we have AP(z,) - vi(r,) = A(z}) - wi(zh). The
Lagrange multiplier »{(t) in (9), yields n{(z,") ( Vi(Ty ) — Umax) =
ni(zh) - (vilzrh) — vmax) = 0. By combining the above equa-
tions, (24) reduces to —u ( 7))+ Af(r) - ui(r,) = 0, which

implies that either u(rS ) = 0 or Juty) + Al(ry) = O,
or both. Since the second term contradicts u;(t) 4+ A/(t) = 0,
we have u;(r;) = 0. The Lagrange multiplier n{(t) is n{(t) =

0 if vi(t) < vmax, t € [t,'o’ T),

_)\f(t), fi(t) = vmax, t € [Ts, t,m]

Using the Euler-Lagrange equations, interior conditions, the
initial and final boundary conditions, and the terminal condition
of the costates, we can formulate a set of equations by piecing
the unconstrained and constrained arcs together at time t =
7. This results in a total number of 9 equations that we need
to solve simultaneously to compute 4 + 4 + 1 = 9 variables
corresponding to the constants of integration of unconstrained
and constrained arc, and the junction point z;° respectively. From
(14)-(16) and the boundary conditions in (5), we receive the
following 4 equations: 2a\" - (£%)2 + bV . 0 ¢V = vy(t?), : al.
(ti())3 + %bgl) . (tio)z + Cil) . t;:) + dgl) _ Pi(f,'o), 52) tim + bEZ) —
0, 2a® - (" + 16 (" + ¢ 6" + dP = pi(t™). From the
state and control continuity at the junction point t;, we receive
the remaining 5 equations are,

1
a" - () + b+ !

2 1
a4 b = 0

(25a)

= Umax,

(25b)
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; @V (5)? + %bﬁ” (P 4D gy 4 gD

+ Vmax - (5" — ) = pi(t"), (25¢)
%GE” (@) B 7+ (P = v, (25d)
@7+ b (25€)
where a'V, bV, ¢ d(1 and @, p'® ), d?z) are the constants

of 1ntegralt10nlfor tlhe unconstramedlandlconstrained arcs, respec-
tively. The recursive process to solve the above set of equations
cannot be computed in real time. Additionally, the computational
speed and convergence of numerical methods are also sensitive to
the initial guess of the variables, which impose additional burden
on the real-time computation effort. However, if the junction
point 7, can be derived as an explicit function of the initial and
final boundary conditions, then the above set of equations can
lead to a closed-form solution that can be solved analytically in
real time.

Lemma 6. For CAV i € WN(t), let t} be the junction point
between the unconstrained and constrained arc of the state con-
strained vi(t) — vmax < O solution. Then t is an explicit function
of pi(tl"), vmax, t", and v,(to), and can be expressed as T} =
3(pi(t{"™)—vmax-t")

(Ui(f,-o)*vmax)
Proof. See Appendix A.

Case 2. Only the control constraint u;(t) — tume < 0 becomes
active.

In this case, we have p(t) = n(t) = »f(t) = 0. From (11),
(12), and (13), we have u;(t) + A{(t) + Mf‘( ) = 0, Xf(t) =
0, and A’(t) = —AP(t). By Lemma 4, CAV i € N/(t) enters the
constrained arc at time t = t? and has a single exit junction point.
Let 7., t,-O < 1. < t", be the junction point where the control
constrained arc transitions into the unconstrained arc, and let 7~
and .} be the immediate left and the right instance of t.. The
optimal control input u](t) at the junction point is uj(z;) = Umax.
The jump conditions are A’(z7) —AP(zF) = 0, AY (7)) — AV(r) =
0, and Hi(t") — Hi(z7) = 0, which imply continuity of the
costates and the Hamiltonian at the junction point t = z.. The
last jump condition leads to Ju(t) + A (t7) - vi(to ) + Al (7o) -
(7o) + p8r) - (W) = Uma) = 3U2(2) + 22(5F) - vi(e) +
(e i) + pf () - (uile) — tmay)-

From the continuity of the state and costate AP att = 7,
we have AP(t7) - vi(r,) = k”(r*) vi(t). Moreover (7) yields
a(t;) : (ui(fci) — Umgx) = T+) (u( ) — Umw) = 0,
which after simplification leads to either u,—(tc+ ) = u(t7) or
%(u,-(rj) + ui(z7)) + AY(zF) = 0, or both. Both equations lead
to ui(t") = ui(t,) = Uma The Lagrange multiplier uf(t) is

a s a _ _)\‘U(t) - lf te [t'os Tc]'
wi(t)is pi(t) =y ¢ if t € [t £7].

Using the Euler-Lagrange equations, jump conditions at the
junction point, the initial and final boundary conditions, and the
costate condition at t = /", we can formulate a set of equations
by piecing the constrained and unconstrained arcs together at
t = 7.. In this case, we have a constrained arc with constant
parameters a“) bEU, fl d“) followed by an unconstrained arc
with constant parameters az), bgz), 1(2) dz) pieced together at
junction point t., leadingto 4 +4+1 = 9 variables that need to
be determined. At time ¢t = t” and t = 7., we have the following
set of equations for the constrained arc,

4

Umax»

+ bgl) = Umax, (26&1)

aV. . (26b)

1
+ bf ) = Umax,
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a7+ bVt 4 eV = wi(e?), (26¢)

| =N =
Q

1
Do b Y+ ) 4 d = ). (26d)

From (26a) and (26b), considering t° = 0 without loss of gener-
ality, we have a“ = 0 and b“ = Upmax- Substltutmg in (26¢), we
have cm = (to) Finally, solvmg (264d), d(1 = pi(f; 9). The follow-
ing set of equatlons alm to determine the remaining constants of
integration a.”, b\”, ¢, d'® of the exiting unconstrained arc and
the junction point rc

agz) ST+ bgz) = Umax, (27a)
a? "+ 5P =0, (27b)
% 2w 07 — tna) T+ 67 =) =0, (27¢)
% @24 2(b @ ) - 12+ (P =00 7,

+d? —pi(e?) =0, (27d)
%aﬁz) (" + %bﬁz) (M2 4+ ¢ d® = pem). (27e)

Lemma 7. For CAV i € WN(t), let t} be the junction point
between the unconstrained and control constraint u;(t) — Umg <
0 solution. Then t} can be expressed as an explicit function of
pi(tim)s pi(t,‘o)a Umax, L t", and U(to)

Proof. See Appendix B.

Case 3. Both state constraint v;(t) —
constraint u;(t) — ume < 0 become active.

If both u;(t) — Umey < 0 and vi(t) — vmex < 0 become active, we
derive the analytical solution combining the steps described in
the previous two cases. In this case, we have /,L?(t) = nf(t) =
0. From (11), (12), and (13), we have u(t) + AP(t) + uf(t) =
0, A(t) = 0, and A¥'(t) = —AP(t) — n(t). Let 7. be the
junction point that CAV i € N(t) exits the control constrained
arc and t; be the junction point that CAV i enters the state
constrained arc such that t? < 7. < 7, < t™ The optimal
control input at the control constrained arc is uj(t) = Upqy, for
all t € [t?, 7.]. In the state constrained arc, we have vj(t) =
Umax, Uf(t) = 0, for all t € [z, t']. From the jump conditions
at the junction points z. and 75, we have continuity in the state
and control input. The Lagrange multipliers p{(t) and »{(t) are
0, t e (t., ],
_)Llp(t) — Umax, te [t,‘ov Tc]

0 te [t1-0, Ts),
_)\f(t)v t e [TSs tim] )
Solving (26a)-(26d), considering t° = 0 without loss of gener-

Umax < 0 and the control

given by ué(t) = ,and n{(t) =

ality, the constants of integration a{“) bm (1 , d'" of the control
constramed arc are a( ) = 0, b;j" = umax, ci“) = vo and
d = pi(t2). The unconstramed arc with constants of integra-
tion az) bz) i ) and d§2 can consist of the following set of
equations,

GEZ) ‘T + bEZ) = Umax, (283)
1

50 a? . 22 + (b — tpg) - e + ¢ =00 =0, (28b)
1 2 2 2

65) T+ (b() umax)'fcz"l‘(ci()_v?)‘fc

+ (d? —pf( 2) =0, (28¢)



AM.I. Mahbub and A.A. Malikopoulos

(2)

75+ b (28d)
l
Ea?) A b§2 T4 ¢ — v = 0, (28e)
1 1
EaEZ) : (75)3 + Eb?) : (Ts)z + Ci(Z) + dgz)
+ Umax - (" — 75) = pi(]"). (28f)

Finally, the state-constrained arc with constants of integration

(3) b53 e e dg ) consists of the following set of equations,
) (29a)

ag3) 1+ b =0, (29b)

1

5(1,(-3) 2= bt — ¢ — v = 0, (29¢)

1 1

g0 + bW g

+d? —p(") =0 (29d)

From (29a)-(29d), we have a53) =0, b53) =0, cf3) = Upex and
df) Di (t{’”) — Umax - . The remaining constants of integration
12), bgz), (o d(z) of the unconstrained arc, and the junction points

77 and 7/ can be determined by solving the set of Egs. (28a)-(28f).

Lemma 8. The junction point t;° between the unconstrained and
the constrained arc if vi(t) — vmex < O becomes active, and the
junction point t} between the unconstrained and the constrained
arc if ui(t) — umey < 0 also becomes active are explicit functions of
Pi(f,m), Umax> Umax, tlm, and Ui(t,'o)-

Proof. See Appendix C.

Case 4. Only the state constraint vy,;; — vi(t) < 0 becomes active.

In this case, we have uf{(t) = u; bty = ni(t) = 0. From (11),
(12), and(]B) we have u;(t) + A (t )_0 M’( t)=0, and AY(t) =
Ap(t) ( ). Let t = 7, be the junction point that vy;; —vi(t) < 0
becomes actlve The optimal speed and control at the junction
point are vj*(t) = vmin, u(t) =0, forallt € [, "].
The jump conditions are

M) = () + ap?m [omn = 0] (30a)
o )
Mt ) = A () + - o) [Vmin — vi(t)] L (30b)
Hi(t) = Hi(el) — i 2 [omn — o] | (300)
ot t=ts

where 7; is a constant Lagrange multiplier determined so that
Umin — vi(t) = 0 is satisfied. Note that, (30a)-(30c) imply possible
discontinuity of the costates and the Hamiltonian at t = ;. The
state variables are continuous at t = t;. From (30a) and (30c),
the position costate and the Lagrangian of the Hamiltonian is
continuous at t = .

Lemma 9. If the state constraint vy, — vi(t) < 0 becomes active,
then the control input u;(t) is continuous at the junction point t = .

Proof. See Appendix D.

The Lagrange multiplier nf(t) can be expressed as, nf(t) :{

07 lf t € [th, 7:3)’
=A@, if telr, th.
interior conditions, initial and final boundary conditions, and the
costate condition at t = /", we can formulate a set of equations

Using the Euler-Lagrange equations,

10
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similar to Case 1 to solve for 44+4+1 = 9 variables corresponding
to the constants of integration of the unconstrained and con-
strained arc, and the junction point z;. The set of e uations of the
unconstrained arc with constants of integration a( b(. “) d (1)
1 1 1 1

are, 1 f (2450 = wy(e2), 1D (04 1p". (tO) +c!!
O+ = p(e0), 10" (4B t e = v, 0+ =

0, and 1a" - (2" + 1672 + V. gy b v (67— 1) =
pi(e™). The set of equatlons of the state constramed arc w1th the
constants of integration a(z) b(2 '2) d® are 1a§2) ()P + b§2> .
74 = vpin, a - +bi2) =0, a” 5, +b” =0, and %a§2)~
(2 + 16P - (t02 + ¢ - 2 + dP = pi(t"), which yield ¢, =
0, bgz) =0, cfz) = Upin and dE = p,(t’“) Vi - 1]". The remaining
constants of integration aEU, b“ “) d and the junction point
7 can be determined numerically by solvmg simultaneously the
above set of equations.

Lemma 10. For CAVi e N(t), let ) be the junction point between
the unconstrained and constrained arc of the state constrained v, —
vi(t) < 0 solution. Then t;* is an explicit function ofp,-(rt}m), Vi, £
and v;(t?), and can be expressed as = M

! (vi(t; )—vmin)

Proof. The proof is similar to the proof of Lemma 6 (see Ap-
pendix A), hence it is omitted.

Case 5. Only the control constraint up,; — u;(t) < 0 becomes
active.

In this case, we have u{(t) = nf(t) = nd(t) = 0. From (11),
(12), and (13), we have u(t) + A'(¢) — ub(6) = 0, il(t)
0, and i}’(t) = —Af(t). Let t. > tio be the junction point that CAV
i € N(t) transitions from the constrained arc to the unconstrained
arc. The optimal control at the junction point 7. is uf(zc) = Umin.

From the jump conditions, we have A'(z7) = A(z), AV(z7) =
Al(z), and Hi(t) = Hi(t).
Lemma 11. If the control constraint um;, — u;(t) < 0 becomes

active, then the control input u(t) is continuous at the junction point
t =t

Proof. See Appendix E.

The Lagrange multiplier M?( ) can be expressed as, u; bty {

)L,y(t) ~+ Umin, if te [t,'07 ),

0, if telr,tm.
equations, interior condition, initial and final boundary condi-
tions, and the condition of costates at t = t™, we have a set of
equations of the constrained arc: a t0 + bé = umm, a(” .+
b = tpin, 202 + BV - €0 + ! v(to), and ! (”( t0) +
%bgl (t°) + c(l) t° + d(1 = 0., resolving which w1th t0 =0
yields, a” = o, bl. Unin, c,F” = y(t%), dV = pie?),
where g ” b“ s dE” are the constants of integration for the
constramed arc. Ir1 addition, we have a set of e uations of the

Using the Euler-Lagrange

unconstrained arc: aEZ) T — bgz) + Upin = 0, a St 4+ b =
2) 2) ) 2)

0, ;(%E Tcz + (bg _(zslmm) T + C ( (to) =0, (15( E +

1(b;™ = Umin) - Te + (¢ —u(to) w+d? =0, and la?” ({")3+

%bgz)'(t;")2+cl.(2)~t,—”’1+d,- —pi(t™) =0, where ', b®, ¢*, d?

are the constants of integration of the unconstramed arc.

Lemma 12. For CAVi e N(t), let T} be the junction point between
the unconstrained and constrained arc of the control constrained
(Umin — ui(t) < 0) solution of (5). Then t} can be expressed as an
explicit function of pi(t™), pi(t?), Umin, t™, and vi(t?).
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Proof. The proof is similar to the proof of Lemma 7 (see Ap-
pendix B), hence it is omitted.

Case 6. Both state constraint vp;,; — vi(t) < 0 and the control
constraint u,;; — u;(t) < 0 become active.

In this case, we can derive the analytical solution following
similar steps to Case 3. A control constrained um; — u(t) <
0 arc with constants of integration aEU, bg”, c,.]), dEU is pieced
to%ether with an unconstrained arc with constants of integration
at? s bgz) R ci(z), d52) at the junction point .. The unconstrained arc
is pieced together with the state constrained vy — vi(t) < 0
arc with constants of integration a$3), b§3), ci(3), d53) at the junction
point 7. The constants of integration of the constrained and
unconstrained arcs, and the junction points t;" and t can be
determined by a set of equations similar to those derived in Case
3.

Lemma 13. The junction point t; between the unconstrained and
the constrained arc when vpi, — vi(t) < 0 becomes active, and the
junction point T between the unconstrained and the constrained arc
when upin — u;(t) < 0 also becomes active are explicit functions of
Pi(fim), Umin, Umin, t,'m: and Ui(t,'o)-

Proof. The proof is similar to the proof of Lemma 8 (see Ap-
pendix E), hence it is omitted.

5. Simulation results

We validate the analytical solution of the optimal control
problem (5) through numerical simulation in MATLAB. In this
section, we present the results considering t 10 s, where
only the state constraint vj(t) — vmex < 0 and control constraint
u;(t) — Umax < 0 can become active (Theorem 1). Similar results
to those presented here can be also derived for the case where
Umin — Vi(t) < 0 and up;;, — u;(t) < 0 become active. We consider
the initial and final position of CAV i € N/(t) to be pi(tf’) =0m
and p;(t") = 200 m, and the initial speed ui(tl.o) = 14.3 m/s.
For each CAV i € A/(t), we enforce the maximum speed limit
and acceleration to be vmex = 22 m/s and Ume = 1.8 m/s?
respectively. The standard procedure to solve the optimal control
problem (5) is to identify whether any of the state or control
constraints become active and derive the constrained solution in
a recursive manner until none of the constraints are active, as
shown in Fig. 2. The unconstrained solution (blue trajectory in
Fig. 2) activates the state constraint vi(t) — vmexy < O only. The
acceleration corresponding to the state-constrained (vi(t)—vmax <
0) solution is shown by the red trajectory in Fig. 2, where the
unconstrained and constrained arcs are pieced together at the
junction point at t = 7.79 s. However, the state-constrained
solution (red trajectory in Fig. 2) has to be re-derived since the
control constraint u;(t) — umq < 0, which was not active before,
becomes active now as shown by the red trajectory in Fig. 2.
The constrained optimal control input is derived by piecing the
state and control constrained arcs together, and it is shown by
the green trajectory in Fig. 2.

In our condition-based framework, we do not need to consider
the intermediate iterative steps above, i.e., the unconstrained
(blue trajectory) and state constrained solution (red trajectory)
in Fig. 2. We can directly derive the final closed-form analytical
solution (green trajectory in Fig. 2) by sequentially checking
the conditions in Theorems 1-5. First, we start with Theorem 1
to reduce the possible constraint activation set. Since the first
statement of Theorem 1 holds for t = 10 s and the boundary
conditions, we only need to consider whether v;(t) — vpexy < 0
or u;(t) — umexy < 0 become active, which reduces the possible

11
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Fig. 2. Optimal control trajectory for the unconstrained (blue), state constraint
vi(t) — vmax < 0 only (red) and both state-control constraint (green) case. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

constraint activation cases from 15 to 3. Then, we use Theorems 2
and 3 to identify the specific constraint activation case. In this
case, part (i) of Theorem 2 holds, indicating that v;(t) — Ve <
0 becomes active in (tio, t"]. However, part (i) of Theorem 3
does not hold indicating that u;(t) — ume < 0 will not become
active. Using the result obtained above, we then check part (i)
of Theorem 4 which readily indicates that an additional and
initially non-existent control constraint u;(t) — e < 0 becomes
active within the state-constrained solution, as shown by the red
trajectory in Fig. 2. Using the result of Theorem 4, we apply the
analysis presented in Case 3 to determine the complete state and
control constrained-optimal solution. Here, the aforementioned
condition-based framework requires 0.001107 s to solve in an
Intel Core i7-6700 CPU @ 3.40 GHz using MATLAB R2017b. Note
that, if the first statement of Theorem 4 does not hold, then none
of the control constraints can become active, and thus we can
use the analysis presented in Case 1 to determine the optimal
solution.

Next, we consider a different scenario to show the impact
when the control constraint (u;(t) — umey < 0) becomes active
(Fig. 3). In this case, we set the maximum speed vpq and accel-
eration unmq to be 23 m/s and 1.35 m/s? respectively. Following
the above procedure, we check part (i) of Theorems 2 and 3. Since
only part (i) of Theorem 3 holds, we conclude that the control
constraint u;(t)—umax < 0 will become active. We then check part
(i) of Theorem 5 to check whether any additional state constraint
will become active within the control constrained solution. In this
case, part (i) of Theorem 5 holds, as evident from the control
constrained state trajectory (red trajectory) in Fig. 3. Therefore,
we use the analysis presented in Case 3 to derive the complete
state- and control-constrained solution as illustrated by the green
trajectory in Fig. 3. Note that, in Fig. 3, in the unconstrained
solution (blue trajectory) none of the state constraints become
active. However, the control-constrained solution (red trajectory)
activates the state constraint vi(t) — vmex < 0. Based on our
condition-based framework, we can avoid the computation of
the intermediate solutions, i.e., the unconstrained trajectory (blue
trajectory in Fig. 3) and the control constrained trajectory (red
trajectory in Fig. 3), and directly derive the final constrained
trajectory as illustrated by the green trajectory in Fig. 3.
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Fig. 3. Optimal speed trajectory for the unconstrained (blue), control constraint
Ui(t) — Umex < 0 only (red) and both state-control constraint (green) case. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

6. Concluding remarks

In this paper, we addressed the state and control constrained
optimal framework for coordinating CAVs at different traffic sce-
narios such as merging at roadways and roundabouts, cruising in
congested traffic, passing through speed reduction zones, under
100% CAV penetration, and provided a condition-based frame-
work to determine the constrained solution without requiring
to follow the standard recursive process. We mathematically
characterized the activation cases of different state and control
constraint combinations, and provided a priori conditions under
which different constraint combination can become active. In
addition, we presented the closed-form analytical solution of
the constrained optimal control problem that can be derived
and implemented in real time. We validated a subset of con-
straint activation cases through numerical simulation and showed
how the proposed framework can identify the interdependent
constraint activation based on the boundary conditions. By elim-
inating the intermediate steps of solving the constrained optimal
control problem, the proposed condition-based framework im-
proves on the standard methodology to solve the constrained
optimal control problem.

The proposed framework has certain limitations since it does
not consider the optimal control problem with constrained termi-
nal speed, which may result in multiple junction points leading
to a more complex formulation. Moreover, in our framework, we
considered 100% penetration rate of CAVs having access to perfect
information (no errors or delays) which both impose limitations
for real-world applications. It is expected that CAVs will gradually
penetrate the market, interact with non-CAVs and contend with
vehicle-to-vehicle and vehicle-to infrastructure communication
limitations, e.g., bandwidth, dropouts, errors and/or delays. On-
going work includes further exposition into the existence of the
optimal solution under different constraint combinations, and
the consideration of the terminal speed constrained formulation.
Future work should also address the implementation of the pro-
posed framework under different penetration rates of CAVs and
imperfect communication.

12

Automatica 131 (2021) 109751
Appendix A. Proof of Lemma 6

If vi(t) — vmax < 0 becomes active, we have an unconstrained
arc (with constant parameters a“) b(l) ,“) d; l)) followed by a
constrained arc (with constant parameters a(2 , b(-z), Fz), df?))
pieced together at the junction point t = 1 The constrained arc
yields at t = ¢ and t = ",

2)

a?. ¢t +bp? =0, (A.1a)
ad?.tm+p? =0, (A.1b)
% @@t + b7 (M) + ¢ = v, (A.1¢)
1 ) () + %bgz) (P 4 c® () 4 d?

+ Vmax - (67 — ) = pi(tM). (A.1d)

From (A.1a) and (A.1b), we have a =0and b(z) = 0. Substitut-
ing in (A.1c), we have c(z) = Umax. Finally, from (A.1d) we have
d(z) = (pi(t") — t!"). The unconstrained arc at the initial
condition t = t yields the following equations: 1 a9 +b".
)+ = vie?), 36707 +35- ()P +¢” (t°)+d$” pi(t?).
Solving the above two equations by con51der1r1g t° = 0, without
loss of generality, we have c“) = v,(to) and d“) = 0. At 7/
have the following set of equations for the unconstralned arc,

Umax *

a” .+ bV =0, (A2a)

1

5“('1) AV B 7+ (i) = vmar) = 0, (A2b)

1
(1) (T ) Ebi('l) . (.L.S*)Z

+ (Ui(tio) — Umax) - T, — (pi(tim) — Umax * tim) =0. (A.2¢)
(1 B

Substituting 7" = El from (A.2a) in (A.2b), we have —I5- =
l al

N
2(v,»(ti°) — Umax). Substituting 7" = (1) from (A.2a) in (A.2c), w

I
(pi(t™) —
3(i(t")—vmax-t")
) - ) (vmax—vi(t)))

- is an explicit function of the known parameters p;(t"
vi(t?) and t".

b b
haveli' ; +(a ) vi(t))) —
1

the last two equations, we obtain 7;*

- (Vmax — Umax - t") = 0. From

, where

)s Vmax

Appendix B. Proof of Lemma 7

If u;j(t) — umex < 0 becomes active, we have a constrained arc
(with constant parameters am bEU, cim, d ) followed by an
unconstrained arc (with constant parameters a(z) b(2 (2) dEz))
pieced together at the junction point t = Solvmg (27a) and

(270)-(27¢), we have d?) = — \/
pi(t™)

stituting ag
by o =" —

(”max)3
3(t1m 2 'Umux+6[m Ui(to)*GL

—p,-(tio). From (27a) and (27b), t} = +t[". Finally, sub-

, where L =

Umax

%) into the last equation, the junction point t is given

Limax , and can be simplified to 7} =
(umax)3
3(tM)2 -umax+6t™-vy(t))—6L

m_ 3t ttmax +6M vi(£0)—6L
1 Umax

known boundary parameters ¢, p;(t]

, which is an explicit function of the
m, pi(tio)» Ui(tio)v and Upgy.

Appendix C. Proof of Lemma 8

If u;j(t) — umex < 0 becomes active, we have a constrained arc

with constants of integration aEU, bE”, ci“), dg” followed by an
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unconstrained arc with constants of integration a§2), b,(z), ci(z), dgz),
pieced together at the junction point t = t}. If vi(t) — Vpax < 0
becomes active, we have a constrained arc with constants of
integration aEZ), b;z)’ ci(z), dEz) followed by a constrained arc with
constants of integration a53), b53), 653), d§3) pieced together at
the junction point t 7. Solving (26a)-(26d) for the control
constrained arc with t? = 0, we have af” =0, bE” Umax,
¢V = v(t?) and d\” = pi(t?). Solving (29a)-(29d) for the state
constrained arc, considering tl.o = 0 without loss of generality,
we have a§3) = 0, b53) =0, ci(3) Umax and d§3) pi(e") —
Umux—bg-z)

e

Umax - t". From (28a) and (28d), we have 1} and

@)
— -1 respectively. Substituting the latter into (28b), (28c),
a:

*
TS

(28e) and (28f), and solving the system of equations, we have

Umax(—20i(t0),/ = 3 +2vmax,/— 1 +1)
¢ = —uhy \/—»},,, and B = 0 \/: mavy ~5 1)
where, ¢(tim’ pi(tim)’ Uf(ti())a Umax, Umax) = —24(tim - Umax * Umax —
Pilt") - Umax + Vi(t)) - Vma) + 12(03(t)) + v5,,). Substituting

the last results into (28a) and (28d), the junction points t;
and t} are given as explicit functions of the known parameters
", pit"), Ui(t,'o)a Upnax and Vmgy.

Appendix D. Proof of Lemma 9
From (30c), we have

S A0 ) )+ A ) ()

() (o — 5 = S0 + 205D ()

S CADRETICAD P CAD B (SN AD))

Since vi(7") = vmip and ui(z;t) = 0, and from the continuity of
state (21) and A? (30a), we have AP(z;7)- vi(z,) = AP(7,5) - vi(z").
From (9), we have n{(z;) - (vmin — vi(%;) = 1{(%") - (Vmin —
vi(z;h)) = 0. Hence, (D.1) reduces to %uiz(rs‘)+k}’(ts‘)-ui(rs‘) =0,
which implies that either ui(r;”) = 0 or Jui(z;) + AY(z) = 0,
or both. Since the second term cannot hold, we have uj(t;") =
u(z;") = 0.

(D.1)

Appendix E. Proof of Lemma 11

Since H(t.") = Hi(r.), we have Ju(t7) 4+ A(z7) - vi(ro) +
A7) () + () - (Umin — ui(t)) = 3ul(eh) 4+ A0(55) -
vi(r) + M) - uileh) + pb(e) - (Umin — wi(zcH)). From the
continuity of the state (21) and A} at t = 7, we have () -

vi(r7) = M(zF) - vi(zF). From (7) we have pP(z7) « (Umin —
ui(t7)) = ub(r) - (Umin — ui(z")) = 0. After simplifying, we have

either u;(t;") = () or (ui(rH) + ui(z7)) + A () = 0. Both
the equations lead to the continuity in control input u;(t) at time
t =1, ie, u(tl) = u(x).

References

Alonso, J., Milanés, V., Pérez, ]., Onieva, E., Gonzdlez, C., & de Pedro, T. (2011).
Autonomous vehicle control systems for safe crossroads. Transportation
Research Part C (Emerging Technologies), 19(6), 1095-1110.

Athans, M. (1969). A unified approach to the vehicle-merging problem.
Transportation Research, [ISSN: 00411647] 3(1), 123-133.

Au, T.-C, & Stone, P. (2010). Motion planning algorithms for autonomous
intersection management. In AAAI 2010 workshop on bridging the gap between
task and motion planning.

Bakibillah, A., Kamal, M., Tan, C, et al. (2019). The optimal coordination of
connected and automated vehicles at roundabouts. In 2019 58th annual
conference of the society of instrument and control engineers of Japan (pp.
1392-1397). IEEE.

13

Automatica 131 (2021) 109751

Bryson, A. E., & Ho, Y. C. (1975). Applied optimal control: optimization, estimation
and control. CRC Press.

Bryson, A. E., Jr., Denham, W. F., & Dreyfus, S. E. (1963). Optimal programming
problems with inequality constraints I: Necessary conditions for extremal
solutions. American Institute of Aeronautics and Astronautics Journal, 1(11),
2544-2550.

de La Fortelle, A. (2010). Analysis of reservation algorithms for cooperative
planning at intersections. In 13th International IEEE conference on intelligent
transportation systems (pp. 445-449).

Dresner, K., & Stone, P. (2004). Multiagent traffic management: a reservation-
based intersection control mechanism. In Proceedings of the third international
joint conference on autonomous agents and multiagents systems (pp. 530-537).

Dresner, K, & Stone, P. (2008). A multiagent approach to autonomous
intersection management. Journal of Artificial Intelligence Research, 31,
591-656.

Guanetti, J., Kim, Y., & Borrelli, F. (2018). Control of connected and automated
vehicles: State of the art and future challenges. Annual Reviews in Control,
45, 18-40.

Han, J., Sciarretta, A., Ojeda, L. L., De Nunzio, G., & Thibault, L. (2018). Safe-
and eco-driving control for connected and automated electric vehicles using
analytical state-constrained optimal solution. IEEE Transactions on Intelligent
Vehicles, 3(2), 163-172.

Huang, S., Sadek, A., & Zhao, Y. (2012). Assessing the mobility and environmental
benefits of reservation-based intelligent intersections using an integrated
simulator. IEEE Transactions on Intelligent Transportation Systems, 13(3),
1201-1214.

Huang, Z., Zhuang, W., Yin, G., Xu, L., & Luo, K. (2019). Cooperative merging for
multiple connected and automated vehicles at highway on-ramps via virtual
platoon formation. In 2019 Chinese control conference (pp. 6709-6714). IEEE.

Kamal, M., Imura, J., Ohata, a., Hayakawa, T., & Aihara, K. (2013). Coordination
of automated vehicles at a traffic-lightless intersection. In 16th International
IEEE conference on intelligent transportation systems (Itsc), (pp. 922-927). leee.

Kim, K.-D., & Kumar, P. (2014). An MPC-based approach to provable system-
wide safety and liveness of autonomous ground traffic. IEEE Transactions on
Automatic Control, 59(12), 3341-3356.

Levine, W., & Athans, M. (1966). On the optimal error regulation of a string of
moving vehicles. IEEE Transactions on Automatic Control, 11(3), 355-361.

Lu, X.-Y., & Hedrick, J. K. (2003). Longitudinal control algorithm for automated
vehicle merging. International Journal of Control, 76(2), 193-202.

Mahbub, A. M. I, Karri, V., Parikh, D., Jade, S., & Malikopoulos, A. (2020). A
Decentralized time- and energy-optimal control framework for connected
automated vehicles: From simulation to field test. In SAE technical paper
2020-01-0579. SAE International.

Mahbub, A. M. I, & Malikopoulos, A. A. (2020). Conditions for state and control
constraint activation in coordination of connected and automated vehicles.
In Proceedings of 2020 American control conference (pp. 436-441).

Mahbub, A. M. L., Malikopoulos, A., & Zhao, L. (2020a). Impact of connected and
automated vehicles in a corridor. In Proceedings of 2020 American control
conference, 2020 (pp. 1185-1190). IEEE.

Mahbub, A. I, Malikopoulos, A. A, & Zhao, L. (2020b). Decentralized opti-
mal coordination of connected and automated vehicles for multiple traffic
scenarios. Automatica, 117, Article 108958.

Mahbub, A. M. I, Zhao, L., Assanis, D., & Malikopoulos, A. A. (2019). Energy-
optimal coordination of connected and automated vehicles at multiple
intersections. In Proceedings of 2019 American control conference (pp.
2664-2669).

Mabhler, G., & Vahidi, A. (2014). An optimal velocity-planning scheme for vehicle
energy efficiency through probabilistic prediction of traffic-signal timing.
IEEE Transactions on Intelligent Transportation Systems, 15(6), 2516-2523.

Makarem, L., & Gillet, D. (2012). Fluent coordination of autonomous vehicles
at intersections. In 2012 IEEE international conference on systems, man, and
cybernetics (pp. 2557-2562).

Malikopoulos, A. A., & Aguilar, ]. P. (2013). An optimization framework for driver
feedback systems. IEEE Transactions on Intelligent Transportation Systems,
14(2), 955-964.

Malikopoulos, A. A., Beaver, L. E., & Chremos, I. V. (2021). Optimal time trajectory
and coordination for connected and automated vehicles. Automatica, 125,
Article 109469.

Malikopoulos, A. A., Cassandras, C. G., & Zhang, Y. ]. (2018). A decentralized
energy-optimal control framework for connected automated vehicles at
signal-free intersections. Automatica, 93, 244-256.

Malikopoulos, A. A., Hong, S., Park, B., Lee, J., & Ryu, S. (2019). Optimal control for
speed harmonization of automated vehicles. IEEE Transactions on Intelligent
Transportation Systems, 20(7), 2405-2417.

Malikopoulos, A. A., & Zhao, L. (2019a). A closed-form analytical solution for
optimal coordination of connected and automated vehicles. In 2019 American
control conference (pp. 3599-3604). IEEE.

Malikopoulos, A. A., & Zhao, L. (2019b). Optimal path planning for connected
and automated vehicles at urban intersections. In Proceedings of the 58th
IEEE conference on decision and control, 2019 (pp. 1261-1266). IEEE.


http://refhub.elsevier.com/S0005-1098(21)00271-5/sb1
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb1
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb1
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb1
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb1
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb2
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb2
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb2
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb4
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb4
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb4
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb4
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb4
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb4
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb4
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb5
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb5
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb5
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb6
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb6
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb6
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb6
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb6
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb6
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb6
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb9
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb9
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb9
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb9
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb9
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb10
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb10
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb10
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb10
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb10
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb11
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb11
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb11
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb11
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb11
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb11
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb11
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb12
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb12
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb12
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb12
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb12
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb12
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb12
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb13
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb13
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb13
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb13
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb13
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb14
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb14
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb14
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb14
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb14
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb15
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb15
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb15
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb15
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb15
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb16
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb16
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb16
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb17
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb17
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb17
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb20
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb20
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb20
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb20
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb20
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb21
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb21
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb21
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb21
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb21
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb23
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb23
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb23
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb23
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb23
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb25
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb25
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb25
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb25
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb25
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb26
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb26
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb26
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb26
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb26
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb27
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb27
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb27
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb27
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb27
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb28
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb28
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb28
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb28
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb28
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb29
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb29
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb29
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb29
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb29
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb30
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb30
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb30
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb30
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb30

AM.I. Mahbub and A.A. Malikopoulos

Margiotta, R, & Snyder, D. (2011). An agency guide on how to establish lo-
calized congestion mitigation programs: Technical report, U.S. Department of
Transportation. Federal Highway Administration.

Min, H. Yang, Y., Fang, Y., Sun, P, & Zhao, X. (2019). Constrained opti-
mization and distributed model predictive control-based merging strategies
for adjacent connected autonomous vehicle platoons. IEEE Access, 7,
163085-163096.

Naidu, D. S. (2002). Optimal control systems. CRC Press.

Ntousakis, I. A., Nikolos, I. K, & Papageorgiou, M. (2016). Optimal vehicle
trajectory planning in the context of cooperative merging on highways.
Transportation Research Part C (Emerging Technologies), 71, 464-488.

Ozatay, E., Ozguner, U., & Filev, D. (2017). Velocity profile optimization of
on road vehicles: Pontryagin’s maximum Principle based approach. Control
Engineering Practice, 61, 244-254.

Pei, H., Feng, S., Zhang, Y., & Yao, D. (2019). A cooperative driving strategy for
merging at on-ramps based on dynamic programming. IEEE Transactions on
Vehicular Technology, 68(12), 11646-11656.

Qian, X., Gregoire, J., De La Fortelle, A., & Moutarde, F. (2015). Decentralized
model predictive control for smooth coordination of automated vehicles at
intersection. In 2015 European control conference (pp. 3452-3458). IEEE.

Raravi, G., Shingde, V., Ramamritham, K., & Bharadia, ]J. (2007). Merge algo-
rithms for intelligent vehicles. In Next generation design and verification
methodologies for distributed embedded control systems (pp. 51-65).

Rios-Torres, ], & Malikopoulos, A. A. (2017). A survey on coordination of
connected and automated vehicles at intersections and merging at high-
way on-ramps. IEEE Transactions on Intelligent Transportation Systems, 18(5),
1066-1077.

Sciarretta, A., De Nunzio, G., & Ojeda, L. L. (2015). Optimal ecodriving control:
Energy-efficient driving of road vehicles as an optimal control problem. IEEE
Control Systems Magazine, 35(5), 71-90.

Shladover, S. E., Desoer, C. A., Hedrick, ]. K., Tomizuka, M., Walrand, ]., Zhang, W.-
B., et al. (1991). Automated vehicle control developments in the PATH
program. IEEE Transactions on Vehicular Technology, 40(1), 114-130.

Varaiya, P. (1993). Smart cars on smart roads: problems of control. IEEE
Transactions on Automatic Control, 38(2), 195-207.

Wan, N., Vahidi, A., & Luckow, A. (2016). Optimal speed advisory for connected
vehicles in arterial roads and the impact on mixed traffic. Transportation
Research Part C (Emerging Technologies), 69, 548-563.

Wang, ], Zhao, X., & Yin, G. (2019). Multi-objective optimal cooperative driving
for connected and automated vehicles at non-signalised intersection. IET
Intelligent Transport Systems, [ISSN: 1751-9578] 13(1), 79-89. http://dx.doi.
org/10.1049/iet-its.2018.5100.

Xu, B., Ban, X. J., Bian, Y., Li, W.,, Wang, J., Li, S. E., et al. (2018). Cooperative
method of traffic signal optimization and speed control of connected vehi-
cles at isolated intersections. IEEE Transactions on Intelligent Transportation
Systems, 20(4), 1390-1403.

Yan, F., Dridi, M., & El Moudni, A. (2009). Autonomous vehicle sequencing
algorithm at isolated intersections. In 2009 12th International IEEE conference
on intelligent transportation systems (pp. 1-6).

14

Automatica 131 (2021) 109751

Zhang, Y. & Cassandras, C. G. (2019). Decentralized optimal control
of connected automated vehicles at signal-free intersections including
comfort-constrained turns and safety guarantees. Automatica, 109, Article
108563.

Zhao, L., Mahbub, A. M. L, & Malikopoulos, A. A. (2019). Optimal vehicle dynamics
and powertrain control for connected and automated vehicles. In Proceedings
of 2019 IEEE conference on control technology and applications (pp. 33-38).

A.M. Ishtiaque Mahbub received his B.Sc. degree in
mechanical engineering from Bangladesh University of
Engineering and Technology, Bangladesh, in 2013, and
a M.Sc. in computational mechanics from University of
Stuttgart, Germany, in 2016. He is currently pursuing
his Ph.D. degree in mechanical engineering at the
Information Decision Science Laboratory. His research
interests include, but are not limited to, optimization
and control with an emphasis on applications related
to connected automated vehicles, hybrid electric ve-
hicles, and intelligent transportation systems. He has
conducted several internships at National Renewable Energy Lab (NREL), Robert
Bosch LLC (USA), Robert Bosch GmbH (Germany), and Fraunhofer IPA (Germany).

Andreas A. Malikopoulos received the Diploma in
mechanical engineering from the National Technical
University of Athens, Greece, in 2000. He received M.S.
and Ph.D. degrees from the department of mechan-
ical engineering at the University of Michigan, Ann
Arbor, Michigan, USA, in 2004 and 2008, respectively.
He is the Terri Connor Kelly and John Kelly Career
Development Associate Professor in the Department of
Mechanical Engineering at the University of Delaware,
the Director of the Information and Decision Science
(IDS) Laboratory, and the Director of the Sociotechnical
Systems Center. Prior to these appointments, he was the Deputy Director and the
Lead of the Sustainable Mobility Theme of the Urban Dynamics Institute at Oak
Ridge National Laboratory, and a Senior Researcher with General Motors Global
Research & Development. His research spans several fields, including analysis,
optimization, and control of cyber-physical systems; decentralized systems;
stochastic scheduling and resource allocation problems; and learning in complex
systems. The emphasis is on applications related to smart cities, emerging
mobility systems, and sociotechnical systems. He has been an Associate Editor of
the IEEE Transactions on Intelligent Vehicles and IEEE Transactions on Intelligent
Transportation Systems from 2017 through 2020. He is currently an Associate
Editor of Automatica and IEEE Transactions on Automatic Control. He is a
member of SIAM and AAAS. He is also a Senior Member of the IEEE, and a
Fellow of the ASME.


http://refhub.elsevier.com/S0005-1098(21)00271-5/sb31
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb31
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb31
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb31
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb31
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb32
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb32
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb32
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb32
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb32
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb32
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb32
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb33
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb34
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb34
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb34
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb34
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb34
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb35
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb35
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb35
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb35
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb35
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb36
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb36
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb36
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb36
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb36
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb37
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb37
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb37
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb37
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb37
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb38
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb38
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb38
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb38
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb38
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb39
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb39
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb39
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb39
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb39
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb39
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb39
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb40
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb40
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb40
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb40
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb40
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb41
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb41
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb41
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb41
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb41
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb42
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb42
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb42
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb43
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb43
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb43
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb43
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb43
http://dx.doi.org/10.1049/iet-its.2018.5100
http://dx.doi.org/10.1049/iet-its.2018.5100
http://dx.doi.org/10.1049/iet-its.2018.5100
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb45
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb45
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb45
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb45
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb45
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb45
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb45
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb47
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb47
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb47
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb47
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb47
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb47
http://refhub.elsevier.com/S0005-1098(21)00271-5/sb47

	Conditions to provable system-wide optimal coordination of connected and automated vehicles
	Introduction
	Motivation
	Literature review
	Objectives and contributions of the paper
	Comparison with related work
	Organization of the paper

	Problem formulation
	Modeling framework
	Low-level optimal control problem

	Analysis of the constrained optimal control problem
	Condition of constraint exclusion
	Conditions of constraint activation
	Interdependence of constraint activation cases

	Analytical solution of the constrained optimal control problem
	Simulation results
	Concluding remarks
	Appendix A. Proof of Lemma 6 
	Appendix B. Proof of Lemma 7 
	Appendix C. Proof of Lemma 8 
	Appendix D. Proof of Lemma 9 
	Appendix E. Proof of Lemma 11 
	References


