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Abstract—In this paper, we investigate a decentralized
stochastic control problem with two agents, where a part of
the memory of the second agent is also available to the first
agent at each instance of time. We derive a structural form
for optimal control strategies which allows us to restrict their
domain to a set which does not grow in size with time. We also
present a dynamic programming (DP) decomposition which can
utilize our results to derive optimal strategies for arbitrarily
long time horizons. Since obtaining optimal control strategies
by solving this DP decomposition is computationally intensive,
we present potential resolutions in the form of simplified
strategies by imposing additional conditions on our model, and
an approximation technique which can be used to implement
our results with a bounded loss of optimality.

I. INTRODUCTION

Decentralized stochastic control problems consist of co-
operative agents who take actions over a time horizon to
minimize a shared cost, with limited ability to communicate
in real time. Typical decentralized systems include connected
and automated vehicles [1] and social media platforms [2].
Generally, no single agent has both: (1) access to all infor-
mation in the system and (2) the ability to assign all actions.
Thus, such systems are characterized by their information
structure, which describes the information available to each
agent at each time. Various information structures, summa-
rized in [3], are: (1) Classical, where all agents communicate
and recall information perfectly [4]; (2) Quasi-classical, if
agent 1 can affect the state of agent 2, and the information
available to agent 1 is also available to agent 2 [5]; and (3)
Non-classical, where agents can affect each others’ states
with incomplete information [6]-[13].

Non-classical systems suffer from doubly exponential
growth in computations required to generate optimal control
strategies with an increase in the planning horizon [14]. The
common information approach [6] alleviates this problem for
systems with partial history sharing among all agents. The
main idea in this approach is to identify an information state
which can be utilized, in place of the common information
across all agents, to derive the optimal control strategies. For
systems with partial history sharing, the information state
and private information of each agent do not grow in size
with time. Subsequently, we can use a dynamic programming
(DP) decomposition to compute optimal control strategies for
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long time horizons. However, the computational tractability
of this approach suffers if the private information of any
agent grows with time. This phenomenon is commonly ob-
served in systems with partially nested information [5], one-
directional communication [7]-[10] and unreliable commu-
nication [15], [16]. For such systems, current methods focus
on identifying specific dynamics and information structures
which yield computationally tractable solutions [7], [8].

In this paper, we identify a general information structure,
called nested accessible information, for decentralized sys-
tems with two agents, and show that even in the presence
of noisy observations of the state, it yields control strategies
which are functions of information states. At each instance of
time, we consider that a subset of the information available to
agent 2, called accessible information, is sequentially nested
within the information available to agent 1. However, the
information which is available to agent 1 and not available
to agent 2 is allowed to grow in size with time. For
example, this phenomenon occurs when agent 1 does not
share their observations and actions with agent 2 but receives
the actions and observations of agent 2 at each time. Other
special cases of our information structure include teams of
two agents with: (1) either instantaneous or delayed one-
directional communication from agent 2 to agent 1 [10], [11];
(2) transmission of data from agent 1 to agent 2 using an
unreliable communication channel, which was considered for
systems with linear dynamics, quadratic costs and Gaussian
noises in [16]; (3) real time communication from agent 1 to
agent 2 [8].

Our main contribution in this paper is that we establish a
structural form for optimal control strategies in systems with
nested accessible information (Theorem 2). This structural
form allows us to restrict their domain to a space which
does not grow in size with time. In our exposition, we use
a combination of the person-by-person [S] and prescription
[12] approaches. While both approaches are well established,
we combine them to yield results for optimal strategies which
cannot be derived by an individual application of either
of these approaches. Next, we present a DP decomposition
which utilizes our results to obtain optimal control strategies
(Section III-C). In general, solving this DP is computation-
ally challenging. As a potential resolution, we show how
our results can be simplified with an additional assumption
of decoupled dynamics for the system (Section IV). Finally,
we propose an approximate solution which can be used to
improve the computational tractability of the DP even in
the presence of coupled dynamics (Section V). While we
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restrict our attention to a team of two agents to simplify the
exposition, our results can also be applied to systems with
multiple agents in two nested subsystems, using a technique
presented in Section IIT of [17].

The remainder of the paper is organized as follows. In
Section II, we provide our problem formulation. In Section
III, we analyze the problem and derive our main results. In
Section IV, we present specialized results for systems with
additional assumptions on the dynamics. In Section V, we
present an approximation technique to implement our results.
Finally, in Section VI, we present concluding remarks and
discuss ongoing work.

II. PROBLEM FORMULATION

We consider a team of two agents who take actions over
T e N discrete time steps. For each t = 0, ..., T, the state of
the team is denoted by the random variable X, which takes
values in a finite set X;. The action of an agent £k = 1,2 at
time ¢ is UF, which takes values in a finite set ;*. We denote
the tuple (U}, U?) by U}2. Starting at the initial state X,
the system evolves as

Xt+1 :ft (XtaUt1:2aWt)a t:()?"'aT*la (1)

where W, is an uncontrolled disturbance which takes values
in a finite set W;. At each ¢ = 0,...,T, each agent
k = 1,2 makes an observation Y;¥ := h¥(X;, V/¥), which
takes values in a finite set J¥. Here, V¥ is a measurement
noise which takes values in a finite set VF. The external
disturbances {W; : t = 0,...,T}, measurement noises
{V},V2:t=0,...,T}, and initial state X, are collectively
called the primitive random variables of the team and their
probability distributions are known a priori. We assume
that each primitive random variable is independent of all
other primitive random variables to ensure that the system’s
evolution is Markovian [4].

Definition 1. For all t = 0,...,T, the memOry of an agent
k =1,2 is a set of random Varlables M} C {2, Ot_l}
which takes values in a finite collection of sets Mt and
satisfies perfect recall, i.e, MF | C MF, with M*, :=

We partition the memory M? of agent 2 into two compo-
nents, the accessible information A? and private information
Lf, which are described next:

1) The accessible information is a subset of the memory
of agent 2 which is also available to agent 1. For all
t = 0,...,T, we define the accessible information as a
set of random variables A7 C M7 which takes values in
a finite collection of sets .A? and satisfies the properties: (1)
accessibility to agent 1, i.e., A? - Mtl, and (2) perfect recall,
ie, A2, C A2, with A2, = 0,

2) The private information of agent 2 is a subset of their
memory which is unavailable to agent 1. Forallt = 0,...,T,
we define the private information as the set of random
variables L? := M? \ A? which takes values in a finite
collection of sets £7. We impose the condition L? N M} = ()
to specify that agent 1 can not access the private information
of agent 2 at each {.

The second property of the accessible information of agent
2 motivates us to define the new information added to A2,
for all t = 0,...,T, as the set of random variables Z? :=
AZ\ A?_, which takes values in a finite collection of sets Z7.
Note that Z3 := AZ. Analogously, for all t = 0,...,T, we
define the new information added to the memory of agent 1
as the set of random variables Z} := M}\ M,' | which takes
values in a finite collection of sets Z}, where Z} := M. In
our information structure, we enforce that for all ¢, the new
information of agent 2 must satisfy Z? C L7U{Y,'2, U}?
This ensures that Z7 ¢ M, | and Z? C Z}, i.e., Z} is not
accessible to agent 1 prior to time ¢ and becomes accessible
to agent 1 at time t.

Remark 1. We call the shared set A? the accessible in-
formation of agent 2 instead of common information [6] to
highlight the additional restriction imposed by the property
Z% ¢ M} |. The presence of this restriction allows us
to specialize our results to systems where the information
available to agent 1 but unavailable to agent 2, i.e., M} \ AZ,
may grow in size with time. If we relax this restriction, the
accessible information is equivalent to common information.

Remark 2. As an example of an information structure
which satisfies Z? ¢ M} ,, consider one-directional com-
munication from 2 to 1 with a delay of d € N time
steps. In such a system, M} = {Y¢},, Ud,_1, Y&, d, t 4
and M} = {Yo2taU0t 1} Then, A7 = {Y¢,_;, U3, 4},
Y2 UL dt1it— 1}, and the set M\ A} =
{YO:t7 UO:t—l} grows in size with time. Recall that we have
referenced other information structures which satisfy the
conditions for nested accessible information in Section I.

For all t = 0,...,T, each agent k = 1,2 uses a control
law gk : M¥F — UF to select their action

Uf = g (M}), 2)

where M? = {L? A?}. We define the control strategy of

agent k as g* := ( :t=0,...,T) and the control strategy

of the team as g := (g',g ) The set of all feasible control
strategies is G. After each agent k = 1,2 selects their action
UF at time t, the team incurs a cost ¢;(Xy, UL?) € Rxg.
The performance criterion over the finite horizon T is

T

s - [t

t=0

3)

where the expectation is with respect to the joint probability
distribution on all random variables. Next, we state the
optimization problem for the team.

Problem 1. The optimization problem for the team is
infgeg J(g), given the distributions of the primitive random
variables {Xo, Wo.¢, Vii?}, and the dynamics {c;, f;, h}
t=0,...,T)

Problem 1 is guaranteed to have a solution because all
variables take values in finite sets. Our goal is to derive a
structural form for an optimal strategy g* € G in Problem 1
which can be computed using a DP decomposition.
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III. ANALYSIS USING PRESCRIPTIONS
A. Analysis for Agent 1

In this subsection, we derive a structural form for an
optimal control strategy of agent 1. We first note that given
a strategy g2, agent 1 cannot generate the action U? for
each t because they cannot access the complete memory
M? = {L? A?}. However, they can access the component
A2, This motivates us to consider a two stage process for
the generation of the action of agent 2: (1) agent 1 generates
a prescription for agent 2 using only A?, and (2) agent
2 computes U? using this prescription and their private
information L?.

Definition 2. For all ¢ = 0,...,T, a prescription for agent
2 is a mapping I'7 : £7 — U? which takes values in a finite
set F7.

At each ¢, the prescription for agent 2 is generated using a
prescription law 7 : A? — F7Z, which yields I'} = o7 (A?).
We call 2 = (2 : t = 0,...,T) the prescription
strategy for agent 2. Given a prescription I'Z, the action
of agent 2 is computed as U? = TI? (Lf) Next, we use
the person-by-person approach to set up a “new” centralized
problem for agent 1. We proceed by arbitrarily fixing the
prescription strategy 12 for agent 2. Since the prescription
I'? is generated using only the accessible information A7 C
M}, agent 1 can derive the prescription using the fixed
strategy as I'2 = 12(A?). Then, we define a new state for
agent 1 as S} := {X;, L?  A?} for all ¢, which takes values
in a finite collection of sets S;. Given a prescription strategy
¢2, we can construct a state evolution function ftl(-), such
that S}, = f}(S}, U}, W, V%) and an observation rule
h(-) which yields Z},, = hi (S}, UL, Wy, Vi3) for all ¢ =
0,...,T—1. The existence of these functions can be verified
using the dynamics and information structure of the system to
write the LHS in terms of the variables in the RHS. Similarly,
we can construct a cost function ¢; (-) which yields the cost
et(SEUL) = (X, UL, 2 (A2)(L2)) for all t. Then, for a
given prescription strategy )2, the new centralized problem
for agent 1 has state S}, control action U}, observation Z},
and cost ¢; (S}, U}) at time ¢. Furthermore, the performance
criterion is J'(g") := B9[S}, e (SE, UM

Problem 2. The problem for agent 1 is infg:1 J'(g), given
a prescription strategy )2, the probability distributions of
the primitive random variables {Xq, Wo.;, Vi), and the
dynamics {¢;, f},hl :t=0,...,T}.

Lemma 1. For a given control strategy g°, consider a
prescription strategy 1% such that

HAD() = gi (- AD),
Then, J(g',g°%) = J'(g") for the fixed prescription strat-

egy 2. Moreover, for any given prescription strategy 2,
consider a control strategy g* constructed as

9 (- A7) = v (AD) (),
Then, J1(g') after fixing 1? is equal to J(g',g?).

t=0,...,T. )

t=0,...,T. (5)

Proof. For the first part, given a control strategy g and
prescription strategy 2, note that U? = g¢7(L7, A?) =
»2(A2)(L?), i.e., the control law and prescription law result
in the same control action U? for a given memory M7 =
{L? A2}, for all t = 0,...,T. Thus, after fixing 92, we
can write the expected cost at each t as E9[c,(X,, U}?)] =
E9' [er(Xy, UL, 7 (A2)(L3))] = B9 [} (S}, U})], where the
second equality holds using the construction of ¢} (-). The
proof is complete by summing the cost over all time steps.
For the second part, the proof follows from similar arguments
as in the first part. O

Remark 3. We consider that a control strategy g and a
prescription strategy 12 are always selected to satisfy (4)
and (5) simultaneously. Thus, fixing 12 in Problem 2 also
fixes g2, and vice versa. Next, consider a control strategy
(g*', g*?) which is an optimal solution to Problem 2. We
construct a prescription strategy for agent 2 as 1;2(A2?)(-) :=
g;%(-, A?), for all t = 0,...,T, and use the first part of
Lemma 1 to conclude that g*! must an optimal solution for
Problem 2 after fixing v*2. Thus, every optimal solution to
Problem 1 yields a corresponding solution to Problem 2.

Problem 2 is a centralized stochastic control problem for
agent 1, with a perfectly observed component A? of the state
S} and a partially observed component {X;, L7}, which
must be estimated using the memory M}. For such an
estimation problem, it is known [4, page 79] that agent 1
can use the probability distribution

I :=P9(X,, L] | M}, T5,,), t=0,....T, (6

which takes values in the set of feasible distributions P} :=
A(X; x L?), where T'3,_, are known given % and M}.
Next, we show that the information state II} evolves inde-
pendent of the choice of strategies g' and 1)2.

Lemma 2. For all t =0,...,T — 1, there exists a function
fL() independent of control strategy g' and prescription
strategy ?, such that 1y, = fH(I}, UL, 17, Zt,), and
subsequently, for any Borel subset P' C P[,, IP’(Htl_H €
P1|Mt1’ U(}:tvl—‘(z):t) = P(H%Jrl € PlIH%v Utlvrg)'

Proof. The proof follows the same arguments as the ones of
Lemma 4 in Section III-B. O

Lemma 3. For any given prescription strategy > of agent
2, there exists a function & (+) for all t = 0,. .., T, such that

Eg[ct(Xt’ Ut1:2) | Mtla Utla F%} = &1} (H}7 A?7 Utl)' (7)

Proof. The proof follows the same arguments as the ones of
Lemma 5 in Section III-B. O

The distribution II} is called an information state of agent
1 at time t. As a consequence of Lemmas 2 and 3, the
information state yields the following result for Problem 2.

Theorem 1. For any given prescription strategy 1> of agent
2 in Problem 2, without loss of optimality, we can restrict
attention to control strategies g*! with the structural form

Ul =git(A3,11}), t=0,...,T. ®)
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Proof. This proof follows standard arguments for centralized
stochastic control problems in [4, page 79], and thus, it is
omitted. O

Theorem 1 establishes a structural form for an optimal
control strategy g*! in Problem 2, which holds for all 12,
and subsequently, for all g?. From Remark 3, we note that
any optimal control strategy (g*!, g*?) for Problem 1 must
yield a corresponding prescription strategy 15*2 such that af-
ter fixing 1*2, the control strategy g*! is the optimal solution
to Problem 2. Thus, there exists an optimal control strategy
(g*', g*?) for Problem 1 where g*! takes the structural form
in (8).

Remark 4. Consider that |X; x £7| = m € N. Then, the
information state II; takes values in the continuous space
Pl = {(pt(l)a "7pt(m)) € [0,1™ « 35, pe(i) = 1}
However, for all ¢t = 0,...,T, the information state can
only take countably many realizations because all random
variables take values in finite sets. For example, at ¢ = 0,
for each x¢ € Xy and 12 € L2, the probability P9(zg, 12 | 2})
can take only finitely many values, i.e., one value for each
24 € Z}. Similarly, at any finite ¢, the memory M can take
finitely many realizations and thus, there are finitely many
realizations for IT;. As the horizon T — oo, the information
state may take at most countably infinite realizations.

B. Analysis for Agent 2

In this subsection, we restrict agent 1 to control strategies
g' which satisfy (8), and derive a structural form for the
optimal prescription strategy of agent 2. Given g', agent 2
cannot generate the action U,' at each ¢ because they cannot
access I1}. Thus, we consider a two stage process to generate
the action of agent 1: (1) agent 2 generates a prescription for
agent 1 using only A2, and (2) agent 1 computes U, using
this prescription along with TI}.

Definition 3. For all ¢ = 0,...,T, a prescription for agent
1 is a function I'} : P} — U} which takes values in a finite
set F.

At each ¢, the prescription for agent 1 is generated using a
prescription law v} : A? — F}, which yields I'} = 9} (A?).
We call 9! := (¢} : ¢t = 0,...,T) the prescription
strategy of agent 1 and v := (1! 1)?) the prescription
strategy of the system. For a given prescription I'}, agent
1 computes their action as U}! = I'}(IT}). Next, we set up
a new centralized problem from the perspective of agent
2 with a state S? := {X,,L? II}} for all ¢, which takes
values in the finite collection of sets Stz. Moreover, we
can construct a state evolution function f?(-) such that

S7., = f(SE, T2, Wy, V,i3) and an observation rule 27 (-)
which yields Z7, = h(S7, T2, W, VA2) for all t =
0,...,7 — 1. Similarly, we can construct a cost function
¢2(+) such that ¢7(S?,TF2) = (X, T} (11}),T2(L?)) for
all ¢. Thus, the new centralized problem for agent 2 has
the state S?, observation Z? and action (I'},T'?) at each
t. The corresponding performance criterion is J2(v) =
EY[T (57, IF2)].

Problem 3. The optimization problem for agent 2 is
infy J2(1p), given the probability distributions of the prim-
itive random variables {Xo, Wo.¢, Vi2}, and the dynamics
{e2, f2,hi :t=0,....,T}

Remark 5. Using the same sequence of arguments as
Lemma 1, for each control strategy g, we can con-
struct an equivalent prescription strategy ) such that
J(g) = J(%) and vice versa. Thus, we always ensure
that 1) is consistent with g, which implies that for all ¢,
I} = PI(X, | Mtlvl—‘(%:tfl) = IP)w(Xt | Mtl’]'—%:tfl) =
P¥(X, | M}, T}, T2, |), where we can add T}, ; to
the conditioning because they are functions of A? C M, and
1!, Because of this property, we can equivalently write the
dependence of a probability distribution on either g or 1.

Problem 3 is a partially observed centralized stochastic
control problem and thus, agent 2 must estimate the state
S? at each time t. For this purpose, agent 2 can use the
distribution

2 :=P¥(X,, L2, 10} | A2,T52. ), t=0,....T, (9

which takes values in the set of feasible distributions P? :=
A(X, x L3 x P}). Recall that at each ¢, the information
state of agent 1, II}, can take at most countably infinitely
many realizations in the space P/}. Thus, the information
state TI7 can be represented using a tuple of probability
mass functions (p¢(x¢, (7, |af,V0:7-1) : @ € X, 7 € L3),
where p; (4, 02, |aZ, 742 1) : Pt — [0,1] for each z; € X,
and (? € L7. Next, we show that the evolution of II? is
Markovian and independent of the prescription strategy ).

Lemma 4. For all t =0,...,T — 1, there exists a function
ftz() independent of the prescription strategy 1, such that
7, = ]?(H%,I‘%,Ff,ZfH), and subsequently, for any
Borel subset P* C P}, P(II7,, € P? | A?,T{?) =
B(I2,, € P? | T2, 1)),

Proof. Let x4, %, %:, at, and 7rt be realizations of X, F s
', A?, and the distribution II}, respectively, for all t. Then,
using Bayes’ rule

Pw(‘rt+17€%+1a7rt1+1 | a?-s-p%%f)
_ pY (xt+1’£%+17 7Tt1+17 Zt2+1 | af, /7(%?)
P¥ (27, | af,i7)

where a?,; = a? U z},,. Using the dynamics {7, h?,c7},
we write that (z,41,07,) = 17 (s7,72, we, v} 3), 7l =
6752(5%’ 71:1:2a Wt, Utlfl)’ Zt2+1 = th(S%v 7t1:2’ W, Utlfl)’ for
some appropriate functions n?(-) and &£2(-), where s? =
{24, 02, m}}. Substituting these relationships into the numer-
ator in the RHS of (10) yields that

, (10

P¢($t+1,€§+1,77751+1,2152+1 | a?vVétQ)

C S IR AR ) = (e B )] Bl o)
87, wi,0l3
IEE (57,717 wi, vi) = 7T§+1] PY (s} | af i)

MG (57,772 we, vih) = zia), (D)
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where 1() is the indicator function, and where we can drop
the prescriptions v} from the conditioning in the last term
because they are completely determined given 1 and a?.

Note that in (11), P¥(s? | af,1gi7_1) = 77 (s?). Next, we
expand the denominator in (10) as

Z P(wtv Utlfl)

2 1:2
St,Wt, V1

awtvvtlfl) = Zt2+1] 7"t2(5t2)

PY (2341 | af %0if) =

IR (s7, 7, (12)

Then, the first result holds by constructing an appropriate
function f?(-) using (10) - (12). To prove the second result,
for any Borel subset P? C P? "1, we write that

Z]Ift 72, yh2,

Zt+1) € P’ ] P('zt+1 | a‘t>’70t7ﬂ—8t)

The second term in (13) can be expanded as
]P)(ZEJrl | a%?W(%::tQﬂ 7T(%:t) = s2,we 0l ]I[hQ(stﬂ 12 ) Wt
o) = 28] - Pof, wy) - wf (st) The proof is complete
by substituting this equation into (13). O

P(Hf+1 € P? | 47,707, T0.1)

(13)

Lemma 5. There exists a function &;(-) for all t, such that

E9[c (X, US?) | A7 T2 =& (I7,I72).  (14)

Proof. Let a3}, v}2, and 77 be realizations of the random
variables A3, I'}2, and the conditional distribution IIZ,
respectively, for all ¢ = 0,...,7. To prove the result we
expand the expectation as E9[c (X, UL?) 12] =
E”’[ct(S?,F”) | a7 %] = Y e (st 1) - IP””(SQ =
st | aiv®) =32, 2C?(Sta'}’t ) - 71'?(5%) =: & (nf,7?),
where we can drop the prescripitions /2 from the condi-
tioning because they known given v and a?. O

We call TI? the information state of agent 2 at time ¢. As a
consequence of Lemmas 2 and 3, the information state yields
the following result for Problem 3.

Theorem 2. In Problem 3, without loss of optimality, we can
restrict our attention to prescription strategies 1¥* with the
structural form

Iy =y/*(I0}), k=12 t=0,...,7. (15

Proof. This proof follows similar arguments for centralized
stochastic control problems in [4, page 79], and thus, it is
omitted. O

Consider a prescription strategy ¥* = (1*!,1)*?) which
is an optimal solution to Problem 3, and a control strategy
g*) = g*',g*?) given by ¢;'(I1}"?) := ;' (I17)(II}) and
g2 (L2, 112) = o;2(1U2)(L?) for each k = 1,2 and t =
0,...,T. Using the same arguments as in Lemma 1, we
conclude that J(g*) = J2(1*) and subsequently, that g*
is the optimal solution to Problem 1. Thus, without loss
of optimality, we can restrict attention to control strategies
g* with the structural form U} = g;'(I1},11?) and U? =
g2 (L2, 112) for all t = 0,...,T.

Remark 6. Consider a system where, the feasible sets of
system variables are time invariant, i.e., Xy = X, W, =W,
VE = Vk Yk = Yk foreach k = 1,2 and t = 0,..., 7T,
and the information structure satisfies £7 = £?, Z} = Z1,
Z2 = Z? for all t. Note that the set M still grows in size
with time. However, the spaces P = A(X x £2) and P? =
A(X x L2 x P1) are time invariant and subequently, our
optimal control strategies have time-invariant domains for
both agents. This is a useful property to derive and implement
optimal control strategies for long time horizons.

C. Dynamic Programming Decomposition

In this subsection, we construct the value functions and
corresponding control laws to form a DP decomposition
which can derive the optimal prescription strategies. Let
4¥ and 7} be the realizations of the prescription T'f and
information state H,’f, respectively, for each £ = 1,2 and

t =0,...,T. Then, we recursively define the value functions
2y . . 20 2 1:2
Ji(my) o= 73:2612§xff Ct (7"t Vi )
+EY [T (fRrE 02, 220)) | 722, (16)
forallt =0,...,T and define Jy41 (77, ) := 0 identically.

For each agent £ = 1,2, the prescription law at time ¢ is
ik = y¥(r?), ie., the arginf in the RHS of (16). The
prescription strategy @™ derived using this DP decomposition
can be shown to be the optimal solution to Problem 2 using
standard arguments [6], [18]. Recall that given an optimal
strategy 1* derived using this DP decomposition, we can
also derive the optimal control strategy g* for Problem 1.

Remark 7. At each ¢t = 0,...,T, our DP decomposition
requires solving an optimization problem for each real-
ization wf of the information state Hf, which is a tuple
of probability mass functions. Optimizing over probability
mass functions is a computationally challenging problem.
Next, we present two different approaches to alleviate the
computational implications. In Section IV, we show how
we can simplify our results when the system dynamics and
information structure have additional favorable properties. In
Section V, we present an approximation for the information
states which can reduce the number of computations required
to derive an approximately optimal strategy.

IV. SIMPLIFICATION FOR DECOUPLED DYNAMICS

In this subsection, we show how our results can be simpli-
fied when both agents have decoupled state and observation
dynamics. We denote the state of each agent k = 1,2 at time
t by X} € xF. Starting at X}, each state evolves as

Xi{c+1 = ftk(XanUtka Wtk)a

for k = 1,2, where WF € WEF is a disturbance acting
only on XF. The observation of agent k at time t is

= h¥(XF,VF). We assume that all primitive random
variables {XX W} VF : k = 1,2, t = 0,...,T} are
independent of each other and that the cost to the system
at each t = 0,...,T is c;(X}2,U}?) € Rso. Without

t=0,....,T—1, (17
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loss of optimality, we restrict attention to control strategies
where g' takes the form U}! = g}(II},11?) and where g*
takes the form U? = g¢2(L?,112), for all t = 0,...,T.
Here, recall that II} = P9 (X} L2 M}, T3, ;) and II7 =
P9(X}2, L7 1} |A7,T§7 ). Next, we show that the in-
formation state II} can be simplified using the decoupled
dynamics.

Lemma 6 For eachk =1,2andt=0,...,T, let xt, mf,
l?, and a be realizations of the random vanables Xk Mt’“,
Lf, and A?, respectively. Then,

P9 (w2, 17 | my) = P9 (ay | my) P9 (ai, 17 | af).  (18)

Proof. Given the realizations =¥, y¥, uf, 4F and I? of X[,
Ytk, Utk, Ff, and Lf, respectively, for each £ = 1,2 and
t=0,...,T, we prove (18) by mathematical induction. At
t = 0, depending on the information sharing pattern of the
system, there are two possible realizations of the memory of
agent 1, either m$ = {y$} or m§ = {y$,y2}. For the first
realization of the memory of agent 1, the private information
of agent 2 is I3 = {y2}, and thus, we can expand the LHS
of (18) as Pg(xo  Yglmg) = P9 (x5 7y0|y0) = P9 (2lyp) -
P9(x:3, y2), where recall that the observation y% depends only
on xf for each k, and the primitive random variables are
independent of each other. For the second realization of the
memory of agent 1, note that [? = () because [7Nm} = (), and
thus, we can expand the LHS as P9 (z}?|m}) = P9 (x}|ys) -
P9 (x2|y3). For both cases at t = 0, we have shown the LHS
is equal to the RHS in (18). This forms the basis of our
induction. Next, we consider the induction hypothesis that
(18) holds at each 0,...,¢, and expand the LHS at ¢ + 1 as

Pg(x%flaltzﬂaztlﬂ | m%)
]P’Q(zt1+1 | m})
Pg(xt+1al?+1vzt+1 | mt)

2., (l't+1» lt+17 Zt+1 | mt)

Pg($t+17lt+1 | m%+1) =

19)

T

Note that in the partially accessible information structure,
2, U zt+1 = 12U {ytﬂ,ut 2}, Thus, we can write that
Pg($t+lalt+17zt+1 | m{) = Pg(x%+17yt+1aut 20 | my)
]P)g(yt+1"rt+1) Pg(yf+1\xt2+1) H[Qt (mt) = ut] [’Yt (ZQ)
u?] - IP’Q(:::,E_|r17 2lm}), where I(-) is the indicator func-
tion, and where 73 and u% are completely determined
1 and g. Furthermore, we expand the last term

givenrrit22112 11 o1 o1
as P9(xp %, 1 Imy v, i) Zz}:Z,w}:z I[f3 (g up,wy) =

'Lt+1’

$t+1] I[f2(2F, 72 (17),wg) = i?t2+1] - Plwy,wy)
P9(x}2,12|m}), where we can use the induction hy-
pothesm to obtain P9(z}212|mi) = PI(xi|m;) -

P9 (x}2,12|a?). Substituting these results into (19), and

rearranging  the terms yields PI(xf2, 2 Imiy ) =
P9(zi, 1,9t y15urmy) 1
]pgf@;:z\nflt ‘ 'Pg(xt+17 t+1|at7'zt+1) = IED‘9(95t+1|
1 2 2 2
mt,yH_l,ut) -P9(x7,1,yiy1]ai, ). To complete the proof
by mathematical induction, we need to show that the first

term in the RHS of the previous equation is equal to the
first term in the RHS of (18). We achieve thls by expandmg

P9 () 1,y Ml i)
P9I (x m U 1:2 12 _ t+10Ye 4115l Y4
( t+1| t’yt'H’ t ) E %+1 Pg(xt+17yt+1|7nt1 tvyt+1)

Z 1 e (y1+1‘zf+l) Pg(xf+1‘zf 1) ]P’g(a:,l|m})
I M e I TR
last equahty, we use Bayes’ rule and the induction hypoth-
esis. Recall that ztl+1 C 17 U {yfA, ui?}. This implies
that Pg(xt-&-l‘mtvyt-&-lvut 2 12) = PI(xyq|mi,zi) =
P9 (xy,1|mi, yt i1, up), which complete the proof.

where, in the

Motivated by Lemma 6, we define the distributions el .=
PI9(X}|M}) and ©F := P9(X?, L?|A?) and note that the
information state IT} at each ¢t = 0,...,7 can be written as
a function of (©},©%). Thus, at time ¢, agent 1 can track
the distributions (©;,07) instead of II} to compute their
optimal control action Utl. Next, we show that the evolution
of @f, for each k = 1, 2, is Markovian, strategy independent
and decoupled from the dynamics of the other agent.

Lemma 7. At each time t, there exists a function &¥(-),
independent of the strategy g, for all k = 1,2 such that

OF 1 = (07, Uf, V). (20)

Proof. The proof follows the same arguments as the ones in
Lemma 4 and thus, due to space limitations, it is omitted. [

Note that the distribution ©7 is also available to agent 2 at
eacht =0,...,T, because it depends only on the accessible
information A?. Subsequently, using the same sequence of
arguments as the ones in Theorem 2, we conclude that,
without loss of optimality, agent 2 can restrict attention
to prescription strategies with the structural form '} =
VvF(P9(X}2, L7, 07|A?),07), for each k = 1,2 and t =
0,...,T. Next, we show that the term P9(X}2 [? ©}|A2)
in the argument of the prescription law for each k can also
be simplified using the decoupled dynamics of the system.

Lemma 8. For each k = 1,2 and t = 0,...,T, let z¥, 12,
aZ, and 0F be realizations of the random varlables Xk, Lt2,
A2, and the probability distribution ©F, respectively. Then,

P9 (x; %, 17, 0y ay) = P9z, 0;lay) - P9 (a7, [f]a7).  (21)

Proof. The proof follows by mathematical induction using
the same arguments as the ones in Lemma 6, and thus, due
to space limitations, it is omitted. O

Starting with the structural form of optimal prescription
strategies in Theorem 2, we can use Lemmas 6 and 8, to
conclude that in systems with decoupled dynamics, without
loss of optimality, we can restrict attention to control strate-
gies g* with the structural form

Utl :gfl [@%,@f,Pg(th,G)% ‘ At2)]7
U =g, [L7,07,P9(X},0; | 4})], t=0,...,T.

(22)
(23)

Remark 8. The control strategy g' yielded a control law
for each t = 0,...,T for agent 1 with the form U}! =
gt (11}, 11?), which has the domain A(X} x X2 x L7) x
A} x X2 x L2 x A(X} x X2 x L7)). In contrast, the
domain of the control law g;! in (22) is A(X}) x A(X? x
L£2) x A(X! x A(X})), which is a space with a smaller
dimension than the one before. Similarly, the control laws
of agent 2 have a domain with a smaller dimension in (23)
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than the control laws derived using Theorem 2. Thus, we
have obtained a simpler form for an optimal control strategy
in systems with decoupled dynamics.

We can further simplify the structural form of the optimal
control strategies when agent 1 can perfectly observe the
state X}, i.e, Y} = X, and subsequently, X} C M} at each
t =0,...,T. Then, for a given realization m; of the memory
M}, the probability distribution ©} at each ¢ is simply given
by ©} = [[X} = z}] for the realization x} € m} of X},
where I is the indicator function. Using this result in (22)
and (23), we conclude that, without loss of optimality, we
can restrict attention to control strategies g* with the form

Utl = gtl [X}7@§,P9(Xg | A?)]’
Ut2 = gt2 [L?,@%,Pg(th | A?)]a

(24)

t=0,...,T. (25

Remark 9. When agent 1 can perfectly observe their
own state, at each ¢, the domains of the optimal control
laws g;! and g;% are X} x A(X? x £2) x A(X}!) and
L2 x A(X? x L2) x A(X}), respectively. These domains
are small enough that the optimal control laws at each
t are functions of distributions over finite sets instead of
probability mass functions. Thus, the resulting DP can be
solved using standard techniques for centralized problems.

V. IMPLEMENTATION

In this subsection, we present an approach to approximate
the information state II} for all ¢t = ., T which
ensures that the approximation can only take finitely
many values. To simplify the notation, we restrict our
attention to systems where |X; x L£2| = m, m € N for all
t = 0,...,T. Furthermore, we consider that the maximum
cost at each t is bounded above by ||c||cc < 0. Recall
that the space of feasible values for II} is the simplex
Pt = {(p(1),...,p(m)) € [0,1]™ : 31" p(i) = 1}. We
use the procedure in [19] to generate a set of equally
distributed points in P!. Specifically, we select a number
n € N and define a set Q,, := {(q(1),...,q(m)) € P :
n-q(i) € N>o,i = 1,...,m}. The set Q,, forms a lattice
containing |Q,,| = (mnt" 1) points in the simplex P'. For
example, let Xy = {0,1} and Ef = (), which implies that
m = 2. Then, by selecting n = 2 we construct the set
Qs = {(0,1) (1/2,1/2),(1,0)}. Similarly, if m = 3 and
we select n = 2, we construct the set Qy = {(1 0,0),
(1/2,1/2,0),(0,1,0), (0, 1/2,1/2),(0,0,1),(1/2,0,1/2)}.
Next, we define the total variation distance between any
point in Pl and Q,,, and then, we use this metric to define
an approximate information state.

Definition 4. The total variation distance between any 7} =
(p(1),...,p(m)) Gfl and any ¢; = (q(1),...,q(m)) € Q,
is |7 —alrv = 321, [p(d) — a(d)].

Definition 5. The approximate information state for agent 1

at each t = 0,...,7T is a random variable f[% which takes
values in the finite set Q,,, and which is given by

f[g = o(T0}) := arg min |TT} — q|7v. (26)
qun

Given any distribution 77} € P!, the corresponding realiza-
tion of the approximate information state 7} = o(7}) can
be efficiently computed using the algorithm in [19]. Next,
we present an upper bound in the total variation distance

between any information state and its approximation.

Lemma 9. For all t = 0,...,T, for any realization ©} of
the information state 11}, it holds that |n} — o(n})|ry <
20U49) \here = |m/2] € Nand || is the floor function.

m-n

Proof. The proof follows from [19, Proposition 2]. O

Given any upper bound € € R, we can use Lemma 9
to construct a set Q,, which satisfies |7} — o(n})| < € for
all 7} € P!, by selecting n > 2“S+a) Furthermore, the
resulting approximate information state H1 can be updated
in a Markovian and strategy independent manner as Ht 1=

[ft (H%,U},Ff,ZtlH)] forallt=0,...,7 — 1.

Our aim is to solve the centralized Problem 2 for agent
1 using the approximate information state [T, which takes
only finitely many values for all ¢ = 0,...,7, instead of
the information state I1}, which can take countably infinitely
many values. For a fixed prescription strategy /2, recall from
Lemma 3 that the expected cost at time ¢ can be written
as ¢; (I}, A2, U}). Then, in Problem 2, we can optimize
the performance criterion 7'(g') using a centralized DP as
follows. Let uj, a7, and 7} be the realizations of U}, A?
and H%, respectively. Then, we define the value functions

Jtl (ﬂ-tl? af) = lnf 67} (Trtla a?a utl)
[Jt+1(Ht1+1aA?+1) | 7‘}17@?7“%]7 t=0,....7, (27
and J} 1(mry1,a741) = 0 identically. The person by-
person optimal control law at time ¢ is u}* = g;'(n},a?),

i.e., the arginf in the RHS of (27), and the performance of
the system is J'(g*!) = E[J} (1T}, A2)].

However, we seek the best control strategy §*! for Prob-
lem 2 which takes the structural form u; = §; (7}, a?) for all
t=0,...,T. Thus, we define the modified value functions

f#(fré,a%) = Inf & (k) a}ui)

+ B (M, AR | 7 af,w], £=0,..,T, (28)
and Jl (7}, a?) = 0 identically, where 7} = o(m}).

For a fixed 12, the best control law using the approximate
information state at each ¢ is uj! = g;'(#},a?), i.e., the
arginf in the RHS of (28), and the performance of the
system is 71 (§*!) = E[J} (11}, A2)]. The loss in person-by-
person performance which arises from using the approximate
information state is measured by the difference |7 (g*!) —

J1(g*1)|. Next, we present a result for this performance loss.
Lemma 10. For any given prescription strategy 2,

lim [7(g") — 7G| = 0. 29)
Proof. The proof follows directly from [20, Theorem 3]. [

Lemma 10 establishes the asymptotic convergence of the
optimal performance by using the approximate information
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state towards the exact person-by-person optimal perfor-
mance. Furthermore, it implies that for any desired upper
bound on loss ap € Ryxg, there exists a number n € N
and set Q,, such that |7'(g*!) — J'(g*')] < ao. An
explicit relationship between the upper bound g and the
upper bound on total variation distance, € can be obtained
using Theorem 9 and Proposition 46 of [21]. This is given
by recursively defining

ar = 2(€- ||cl|oo + 3 - [T} ]loc + 3e - L + ary1), (30)

where ||y |[oo := sups1 o2 i (fi4q,a74q) and J} is a
finite upper bound on the Lipschitz constant of jtl for all
t =0,...,T. Note that an upper bound on the value of Jy
exists for all ¢t = 0,...,7T because cost is upper bounded.
Furthermore, the Lipschitz continuity of jtl arises naturally
from the fact that it is piece-wise linear and concave with
respect to 7} forall t =0,...,7T [22].

The maximum loss in person-by-person performance from
using an approximate information state in Q,, is ||ap||oo :=
Supy2 . Furthermore, we define an approximate informa-
tion state for agent 2 as I1? := P¥ (X}, L2, TI} | M2, 52 ).
In a manner similar to Lemma 4, we can show that at
each t = 0,...,T — 1, there exists a function ff such
that 117,, = f2(I13,T}2,Z2, ). Thus, using the same
sequence of arguments as Theorem 2, we conclude that
if we restrict our attention to control strategies with the
structural form U} = g} (11}, T12), and U? = §2(L?, 112) for
all t =0,...,T, the maximum loss in optimal performance
in Problem 1, | 7(g*) — J(g*',§*')|, is also ||ap]|oo-

Remark 10. In this approximation technique, the set of
feasible values of f[%, Q,, is finite and does not grow in size
with time. Thus, fItQ is a simple probability distribution with
a finite support, which, in turn, simplifies the implementation
of our DP. However, it is still challenging to compute
globally optimal prescription strategies for moderate and
large values of the parameter n € N because the number
of possible prescriptions of agent 1, \L[t1|‘9"|, grows expo-
nentially with n. Instead, this approach may be utilized when
only person-by-person optimal strategies are required.

VI. CONCLUSIONS

In this paper, we introduced a general model for de-
centralized control of two agents with nested accessible
information. We derived structural forms for optimal control
strategies with domains which do not grow in size with time
and thus, can be derived using a DP decomposition. We also
presented simplified optimal control strategies for systems
with decoupled state and observation dynamics. Finally, we
presented an approximate information state which can be
used to derive approximately optimal control strategies with
smaller domains. One potential direction for future research
includes deriving more efficient approximate representations
of the information state and prescriptions. Another important
direction of future research is the development of approx-
imate algorithms specialized to efficiently solve the DPs
which arise in decentralized control.
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